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What is an inverse problem? [wiki]

• An inverse problem in science is the process of calculating from a set of observations 
the causal factors that produced them.
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ANNABELLE COLLIN 

What is an inverse problem? [wiki]

• An inverse problem in science is the process of calculating from a set of observations 
the causal factors that produced them.


• The resolution of the inverse problem passes through an initial stage of modeling of the 
phenomenon, known as direct problem.


• Then the approach consists in approximating as well as possible the parameters, the 
initial conditions, the geometry etc… which make it possible to account for these 
measurements.
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Statement
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·u(t) = A(u, θ, t)
u(0) = u⋄ + ζu

θ(0) = θ⋄ + ζθ

, a priori 

,  unknown parts

(u⋄, θ⋄)

(ζu, ζθ)
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Find  which minimizes the discrepancy*
ζ
z − C(ū|ζ

)

 under the constraint of the model dynamics





with  .

·̄u|ζ
(t) = A(ū|ζ

, θ⋄ + ζθ, t)

ū|ζ
(0) = u⋄ + ζu

ζ = (ζθ, ζu)

(where  is the observation operator)C

*Can be implicit
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(where  is the observation operator)C

*Can be implicit

• Rarely explicit solution

• Inverse problems are typically ill-posed, as opposed to the well-posed problems usually met in 

mathematical modeling
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Inverse problems are typically ill-posed. Why?
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What is a well-posed problem? Jacques Hadamard gave the following definition of a 
well-posed problem in mathematical physics: Existence and Uniqueness of a solution & 
Continuous dependence of this solution on the data.
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Inverse problems are typically ill-posed. Why?

Two kinds of identifiability issues: 

• Theoretical identifiability - The task of uniqueness is crucial in parameter (or initial 

condition or …) identification, since it is essential that the given data are sufficient 
for determining the searched for parameter (or initial condition or …) uniquely.  
Needs a mathematical formalism ; Leads to prove injection of function
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Observation domain

One variable? 
All the variables? 

More complex observation …

What is a well-posed problem? Jacques Hadamard gave the following definition of a 
well-posed problem in mathematical physics: Existence and Uniqueness of a solution & 
Continuous dependence of this solution on the data.
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Observation domain

One variable? 
All the variables? 

More complex observation …

What is a well-posed problem? Jacques Hadamard gave the following definition of a 
well-posed problem in mathematical physics: Existence and Uniqueness of a solution & 
Continuous dependence of this solution on the data.

• Practical identifiability - Stability is even mostly violated in inverse problems, so 
especially also for parameter identification: indeed, small perturbations in the data 
can lead to large deviations in the solution.
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Few examples: dynamical processes
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t0 = 0 t1 = 65 days t2 = 184 days t3 = 275 days

Brain Metastasis Evolution*

Growth under treatment

ONCOLOGY

100 µm

0 V/cm 500 V/cm 1000 V/cm 2000 V/cm

Exposure to pulsed electric field at t = 0 min

Growth follow up over time following exposure to pulsed electric field  

2000 V/cm

500 V/cm

1000 V/cm

1 h 4 h 1 day 10 days

1 h 4 h 1 day 10 days

1 h 4 h 1 day 10 days

Figure 1: Bright field micrographs of multicellular spheroids followed by fluorescence microscopy
of control (0 V.cm�1), 500 V.cm�1, 1000 V.cm�1 and 2000 V.cm�1-treated spheroids, after the
application of electric pulses (N=80, t = 100 µs, ⌫= 1 Hz). Green color: green fluorescing protein
in living cells and red color: propidium iodide. Top: immediately after pulses application.
Bottom: 1h, 4h, 1 day and 10 days after pulses application.

(HCT116–GFP). Cells were grown under standard conditions (5% CO2, 37�C) in the Dul-
becco’s Modified Eagle Medium (DMEM, Gibco-Invitrogen, Carlsbad, CA, USA) containing
4.5 g/L glucose, L-Glutamine and pyruvate, 1% of penicillin/streptomycin, and 10% of fetal
bovine serum. Multicellular cell spheroids were made by seeding 500 cells per well in Costar
Corning Ultra-low attachment 96-well plates (Fisher Scientific, Illkirch, France). Plates were
kept in 5% CO2 humidified atmosphere at 37�C. Multicellular spheroids acquired a cohesive
structure and were submitted to pulsed electric field 3 days following the seeding. After the
electric exposure (detailed below), the spheroids were repositioned in ultra-low attachment
plates, in which they were kept for 10 days. Fresh medium was added to the spheroids at
a 3 to 4 days interval. Multicellular spheroids growth was monitored by fluorescence and
bright field videomicroscopy using the IncuCyte Live Cell Analysis System Microscope (Es-
sen BioScience IncuCyte™, Herts, Welwyn Garden City, UK) at a magnification multiplied
by ⇥ 10.

Electroporation was achieved following the delivery of 80 unipolar pulses at 0 V.cm�1

(control) or 500 V.cm�1 or 1000 V.cm�1 or 2000 V.cm�1, the duration of a pulse was 100 µs,
and the pulses were applied at a frequency of 1 Hz. The pulses were applied to multicellular

3

spheroids in a low conduction pulsing medium (see [5, 18]) with a parallel plate stainless
steel electrode (the plate distance was 0.4 cm) connected to the Electrocell S 20 generator
(Leroy Biotech, St Orens, France), following which the spheroids were rinsed in phosphate
saline bu↵er and transferred to the cell growth medium. Presented results were obtained
in two independent experiments. For each experiment, 6 to 8 spheroids were pulsed. Two
control groups were used and are denoted either as free growth or 0 V.cm�1. In free growth
condition, the spheroids were kept in growth medium. For 0 V.cm�1 condition, the spheroids
were transferred to the low conduction bu↵er for 10 minutes, following which the spheroids
were rinsed in phosphate saline bu↵er and re-transferred to growth medium.

Images were analyzed with the ImageJ software (U.S. National Institute of Health,
Bethesda, MD, USA). The software was used to determine the mean fluorescence intensity of
spheroids, and to measure spheroids area in the equatorial plane. The representative micro-
graphs of multicellular spheroids followed by fluorescence microscopy of control (0 V.cm�1),
500 V.cm�1, 1000 V.cm�1 and 2000 V.cm�1-treated spheroids, immediately after the appli-
cation of electric pulses are shown on Figure 1. The green color reflects the green fluorescing
protein in living cells and the red color corresponds to propidium iodide, a red fluorescent
probe that penetrates the cells when permeabilization occurs on cell membrane. Note that
at 0 V.cm�1 no red fluorescence is visible, while at higher electric field the degree of red
color increases, as increasingly more propidium iodide penetrates the cells illustrating the
cell permeabilization. Figure 1-Top (resp. Bottom) shows the spheroids immediately (resp.
1h, 4h, 1 day and 10 days) after the shock. Note that 500 V.cm�1 – pulses do not a↵ect cell
viability (as indicated by green fluorescence and the growth of the cellular mass), while at
1000 V.cm�1 we have a transient disappearance of green fluorescence, and at 2000 V.cm�1

we have a permanent disappearance of green fluorescence.

2.2 Data presentation

Figure 2: Volume evolutions of multicellular spheroids. Left - Control experiment (24 cases).
Right - Electroporation experiment (59 cases divided into 4 categories: 13 for EF0, 16 for
EF500, 14 for EF1000 and 16 for EF2000).

Figure 2 shows the evolution of the volume of the multicellular spheroids in control (Left
panel) and electroporation (Right panel) configurations. In total 83 multicellular spheroids
were tracked over 250 hours. Measurements, as plotted on Figure 2 were obtained from
fluorescence micrographs as described in Section 2.1.

The cohort is divided as follows:

• 24 multicellular spheroids correspond to the control spheroids (free growth). We ex-
clude the spheroids 3 and 24 as dynamics strongly di↵ers from the others.
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3D spheroids exposed to high 
intensity pulsed electric fields**
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COVID Hospitalization****

* Brain MRI, HM Hospitales, Spain.

** Fluorescence, IPBS, Univ. Toulouse, France.

*** CartoⓇ data, Liryc IHU, Bordeaux, France.

**** SI-VIC database https://www.data.gouv.fr/, France.
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both corrections: the one based on shape gradient allow to smooth and to complete and the ones based
on topological gradients to deal with the appearance of new fronts. Figure 1.7-Bottom illustrates the
potential of the approach.

Maintenant que nous avons vu l’efficacité de l’observateur (4.8), voyons une des applica-
tions possible de celui-ci dans le cas de données cliniques. Comme mentionné au début
de cette section nous souhaitons pouvoir compléter la carte d’activation CARTO®présente
sur la figure 4.2. Les deux observateurs définis auparavant sont tout à fait capables de
gérer les cas où le domaine d’observation n’est pas le domaine tout entier. Pour cela,
les constantes c+ et c� sont calculées uniquement sur �±u � �obs où �obs est le domaine
d’observation. De plus, nous prendrons �sh = �sh(x)1�obs(x) et �top = �top(x)1�obs(x).
Ainsi les corrections seront uniquement appliquées dans le domaine �obs et ailleurs le
modèle d’observateur sera alors un modèle monodomaine classique.

Avant de s’attaquer à la complétion de la carte d’activation nous devons d’abord définir
les fibres sur la géométrie dont nous disposons. Pour cela, nous avons profité de notre
collaboration avec A. Collin et P. Moireau lors du CEMRACS 2016 [56] pour utiliser leur
algorithme de définition des fibres atriales basé sur [81]. Une fois les fibres définies nous
pouvons réaliser la complétion de la carte d’activation CARTO®.

Nous utilisons alors l’observateur (4.8) dans lequel la partie ionique sera gérée par
le modèle physiologique CRN (voir section 2.3.3). L’oreillette est alors considérée au
repos au temps t = 0ms et nous laissons la partie topologique de la correction gérer les
activations. Nous pourrons alors voir sur la figure 4.6 la complétion finale de la carte
d’activation de la figure 4.2.

Figure 4.6.: Carte d’activations CARTO®complétées avec l’observateur défini pour le modèle
monodomaine. Haut : Carte d’activation issue de CARTO®avant complétion. Bas :
Carte d’activation complétée
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Figure 1.7 – Two views (left: leftanterior, right: posteroanterior) of depolarization maps of a patient left
atrium. Top: Data extracted with Carto® system. Bottom: Map completion using sequential observers.

Remark 2. The observer presented in Section 1.4.1 has also led to other applications. In the context of wild-
fire spread, a version compatible with an eikonal equation was proposed and illustrated with synthetic data
in [9] and then illustrated with real data in [14]. In this context, a version compatible with a Lagrangian
front-tracking model was also developed [13]. In Chapter 2 (see Section 2.3), we also present a work directly
inspired from the design of this observer in the context of tumor growth.

Conclusion

This chapter presents my contributions to cardiac electrophysiology modeling. As for the modeling
aspects, the origin of the very classical bidomain model was studied. A complete and exhaustive math-
ematical analysis of the periodic homogenization procedure leading to the macroscopic bidomain model
when the mechanical deformations of the heart are neglected has been presented. An extension of the mi-
croscopic bidomain model by a microscopic bidomain model taking into account the deformations of the
myocardium was also proposed and derived thanks to a formal homogenization inspired by our previous
mathematical analysis. Very realistic simulations of cardiac electrophysiology validate our approaches.
As for the aspects of the inverse problem, whose aim is to illustrate our desire to get as close as possible to
clinical applications, the strategy – we developed and validated from a mathematical point of view – was
applied to the data of a patient. This underlines that our approach has great potential. In my research
project given in Chapter 4, I will present my future work in this area.

Depolarization Maps***
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gérer les cas où le domaine d’observation n’est pas le domaine tout entier. Pour cela,
les constantes c+ et c� sont calculées uniquement sur �±u � �obs où �obs est le domaine
d’observation. De plus, nous prendrons �sh = �sh(x)1�obs(x) et �top = �top(x)1�obs(x).
Ainsi les corrections seront uniquement appliquées dans le domaine �obs et ailleurs le
modèle d’observateur sera alors un modèle monodomaine classique.

Avant de s’attaquer à la complétion de la carte d’activation nous devons d’abord définir
les fibres sur la géométrie dont nous disposons. Pour cela, nous avons profité de notre
collaboration avec A. Collin et P. Moireau lors du CEMRACS 2016 [56] pour utiliser leur
algorithme de définition des fibres atriales basé sur [81]. Une fois les fibres définies nous
pouvons réaliser la complétion de la carte d’activation CARTO®.

Nous utilisons alors l’observateur (4.8) dans lequel la partie ionique sera gérée par
le modèle physiologique CRN (voir section 2.3.3). L’oreillette est alors considérée au
repos au temps t = 0ms et nous laissons la partie topologique de la correction gérer les
activations. Nous pourrons alors voir sur la figure 4.6 la complétion finale de la carte
d’activation de la figure 4.2.

Figure 4.6.: Carte d’activations CARTO®complétées avec l’observateur défini pour le modèle
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Carte d’activation complétée
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Figure 1.7 – Two views (left: leftanterior, right: posteroanterior) of depolarization maps of a patient left
atrium. Top: Data extracted with Carto® system. Bottom: Map completion using sequential observers.

Remark 2. The observer presented in Section 1.4.1 has also led to other applications. In the context of wild-
fire spread, a version compatible with an eikonal equation was proposed and illustrated with synthetic data
in [9] and then illustrated with real data in [14]. In this context, a version compatible with a Lagrangian
front-tracking model was also developed [13]. In Chapter 2 (see Section 2.3), we also present a work directly
inspired from the design of this observer in the context of tumor growth.

Conclusion

This chapter presents my contributions to cardiac electrophysiology modeling. As for the modeling
aspects, the origin of the very classical bidomain model was studied. A complete and exhaustive math-
ematical analysis of the periodic homogenization procedure leading to the macroscopic bidomain model
when the mechanical deformations of the heart are neglected has been presented. An extension of the mi-
croscopic bidomain model by a microscopic bidomain model taking into account the deformations of the
myocardium was also proposed and derived thanks to a formal homogenization inspired by our previous
mathematical analysis. Very realistic simulations of cardiac electrophysiology validate our approaches.
As for the aspects of the inverse problem, whose aim is to illustrate our desire to get as close as possible to
clinical applications, the strategy – we developed and validated from a mathematical point of view – was
applied to the data of a patient. This underlines that our approach has great potential. In my research
project given in Chapter 4, I will present my future work in this area.

0 75 (ms)
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• Minimize the criterion (for example maximum likelihood estimation with Gaussian law) 
with respect to the uncertainties under the constraint of the model dynamics
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, t)
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)∥2
W−1 dt]

·̄u|ζ
(t) = A(ū|ζ

, t)
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• How do we do this in practice? As we do every time we want to find a minimum … 
(1) Does it exist? 
(2) Is it unique? 
(3) Can we know it explicitly? 
(4) How can we approximate it? … 

• Major particularity: the constraints of the dynamics! 
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Toy model

• Pharmacokinetics one-compartment model with first-order absorption and elimination

ka

16

·AGI = − kaAGI

·UP =
ka

V0
AGI − keUP

 Dose in Gastro-intestinal compartment (mg) 

  Concentration Plasma compartment (mg/L) 


   Drug absorption rate (1/h) 

   Drug elimination rate (1/h) 

  Volume of distribution (L)

AGI
UP
ka
ke
V0

AGI UP (V0)

ke
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Toy model

• Pharmacokinetics one-compartment model with first-order absorption and elimination

ka
This model is linear and can be rewritten 

= M
(

·AGI
·UP) =

−ka 0
ka

Vo
−ke (AGI

UP) .

Then the unique solution is given by 

(AGI

UP) = eMt (AGI(0)
UP(0)) = P−1 (e−kat 0

0 e−ket) P (AGI(0)
UP(0)),

where  depends on ,  and  and concatenates the eigenvectors associated to 
the two eigenvalues -  and - .

P ka ke V0
ka ke

16

·AGI = − kaAGI

·UP =
ka

V0
AGI − keUP

 Dose in Gastro-intestinal compartment (mg) 

  Concentration Plasma compartment (mg/L) 


   Drug absorption rate (1/h) 

   Drug elimination rate (1/h) 

  Volume of distribution (L)

AGI
UP
ka
ke
V0

AGI UP (V0)

ke
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Toy model

• Pharmacokinetics one-compartment model with first-order absorption and elimination

ka

17

·AGI = − kaAGI

·UP =
ka

V0
AGI − keUP

 Dose in Gastro-intestinal compartment (mg) 

  Concentration Plasma compartment (mg/L) 


   Drug absorption rate (1/h) 

   Drug elimination rate (1/h) 

  Volume of distribution (L)

AGI
UP
ka
ke
V0

AGI UP (V0)

ke

!"#
$%
('()

*+

*,

-./ Dose in Gastro-intestinal compartment mg
01 Concentration Plasma compartment mg/L

23 Drug absorption rate h-1

24 Drug elimination rate h-1

56 Volume of distribution L

(a)                                                                                                  (b)  

• Observations z = UP
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We build noisy and time-sampled 
observations of synthetic 

patients.

18

Generate different values of parameters and 
different initial conditions with 

 ke = ek̃e,  s.t k̃e ∼ 𝒩(μke
, σke

)

V0 = eṼ0,  s.t Ṽ0 ∼ 𝒩(μV0
, σV0

)
AGI(0) ∼ 𝒩(μAGI

, σAGI
)

UP(0) ∼ 𝒩(μUP
, σUP

)

• Freerun obtained with priors values

• Target obtained with random values following the Gaussian laws 

• Observations obtained by adding noise and considering only few times

Toy model
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Toy model
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Code dispo sur 
demande !

Toy model
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Toy model

• What do we want to estimate? 

• Are they all identifiable?

• Observations: 

• The exact solution writes: 


θ = [U0
P, A0

GI, ka, ke, V0]

z = UP

20

·AGI = − kaAGI

·UP =
ka

V0
AGI − keUP

UP(t, θ) = (U0
P +

A0
GIka

V0(ka − ke) ) e−ket −
A0

GIka

V0(ka − ke)
e−kat
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Toy model

• What do we want to estimate? 

• Are they all identifiable?

• Observations: 

• The exact solution writes: 


θ = [U0
P, A0

GI, ka, ke, V0]

z = UP

20

·AGI = − kaAGI

·UP =
ka

V0
AGI − keUP

UP(t, θ) = (U0
P +

A0
GIka

V0(ka − ke) ) e−ket −
A0

GIka

V0(ka − ke)
e−kat

• The injectivity of the function leads to   

                                         

leads to  

                                                      .


• And robustness to measurements errors?

ψT : {ℝ5 → 𝒞0((0,T ), ℝ)
θ ↦ (t ↦ UP(t, θ))

(U0
P)1 = (U0

P)2

(A0
GI)1k1

a

V1
0(k1

a − k1
e )

=
(A0

GI)2k2
a

V2
0(k2

a − k2
e )
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Variational approach
• Minimize the criterion (for example maximum likelihood estimation with Gaussian 

law) with respect to the uncertainties under the constraint of the model dynamics

23

z = C(ū|ζ
) + ε, ε ∼ 𝒩(0,W )

ζ ∼ 𝒩(0,P0)

s.tmin
ζ

𝒥(ζ) = min
ζ [ 1

2
∥ζ∥2

P−1
0

+
1
2 ∫

T

0
∥z − C(ū|ζ

)∥2
W−1 dt]

·̄u|ζ
(t) = A(ū|ζ

, t)

ū|ζ
(0) = u⋄ + ζ

ζ = (ζx, ζθ)
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Variational approach
• Minimize the criterion (for example maximum likelihood estimation with Gaussian 

law) with respect to the uncertainties under the constraint of the model dynamics

Iteration 0

.

.

.

Iteration n

t

Target parameters

Identified parameters

t

Target system

Limit system

Iteration 0

.

.

.

Iteration n

23

z = C(ū|ζ
) + ε, ε ∼ 𝒩(0,W )

ζ ∼ 𝒩(0,P0)

s.tmin
ζ

𝒥(ζ) = min
ζ [ 1

2
∥ζ∥2

P−1
0

+
1
2 ∫

T

0
∥z − C(ū|ζ

)∥2
W−1 dt]

·̄u|ζ
(t) = A(ū|ζ

, t)

ū|ζ
(0) = u⋄ + ζ

ζ = (ζx, ζθ)
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Variational approach
• Minimize the criterion (for example maximum likelihood estimation with Gaussian 

law) with respect to the uncertainties under the constraint of the model dynamics

24

s.tmin
ζ

𝒥(ζ) = min
ζ [ 1

2
∥ζ∥2

P−1
0

+
1
2 ∫

T

0
∥z − C(ū|ζ

)∥2
W−1 dt]

·̄u|ζ
(t) = A(ū|ζ

, t)

ū|ζ
(0) = u⋄ + ζ
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Variational approach
• Minimize the criterion (for example maximum likelihood estimation with Gaussian 

law) with respect to the uncertainties under the constraint of the model dynamics

24

• If there exists a unique minimizer,  the condition which characterizes it is :

dζ𝒥n(ζ)(dζ) =
1
2 ⟨ζ, P−1

0 dζ⟩ −
1
2

n

∑
k=0

⟨zk − Ckūk, W−1Ckdζūk(dζ)⟩ = 0.

s.tmin
ζ

𝒥(ζ) = min
ζ [ 1

2
∥ζ∥2

P−1
0

+
1
2 ∫

T

0
∥z − C(ū|ζ

)∥2
W−1 dt]

·̄u|ζ
(t) = A(ū|ζ

, t)

ū|ζ
(0) = u⋄ + ζ
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Variational approach
• Minimize the criterion (for example maximum likelihood estimation with Gaussian 

law) with respect to the uncertainties under the constraint of the model dynamics

24

• First strategy: compute the gradient of a functional with the Fréchet derivatives (the 
Jacobian matrix), which can be very expensive (and difficult) to compute.

• If there exists a unique minimizer,  the condition which characterizes it is :

dζ𝒥n(ζ)(dζ) =
1
2 ⟨ζ, P−1

0 dζ⟩ −
1
2

n

∑
k=0

⟨zk − Ckūk, W−1Ckdζūk(dζ)⟩ = 0.

s.tmin
ζ

𝒥(ζ) = min
ζ [ 1

2
∥ζ∥2

P−1
0

+
1
2 ∫

T

0
∥z − C(ū|ζ

)∥2
W−1 dt]

·̄u|ζ
(t) = A(ū|ζ

, t)

ū|ζ
(0) = u⋄ + ζ
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Variational approach
• Minimize the criterion (for example maximum likelihood estimation with Gaussian 

law) with respect to the uncertainties under the constraint of the model dynamics

25

• The adjoint state method is a numerical method for efficiently computing the 
gradient of a function or operator in a numerical optimization problem.

• If there exists a unique minimizer,  the condition which characterizes it is :

dζ𝒥n(ζ)(dζ) =
1
2 ⟨ζ, P−1

0 dζ⟩ −
1
2

n

∑
k=0

⟨zk − Ckūk, W−1Ckdζūk(dζ)⟩ = 0.

s.tmin
ζ

𝒥(ζ) = min
ζ [ 1

2
∥ζ∥2

P−1
0

+
1
2 ∫

T

0
∥z − C(ū|ζ

)∥2
W−1 dt]

·̄u|ζ
(t) = A(ū|ζ

, t)

ū|ζ
(0) = u⋄ + ζ
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Adjoint state method

27

• A and C are supposed to be linear

• We consider a time discretization (just to simplify the presentation!)

{
ūk+1 = Ak+1|kūk,

ū0 = u⋄ + ζ .

dζ𝒥n(ζ )(dζ ) = ⟨ζ, P−1
0 dζ⟩ −

n

∑
k=0

⟨zk − Ckūk, W−1Ckdζūk(dζ )⟩

s.tmin
ζ

𝒥(ζ) = min
ζ [ 1

2
∥ζ∥2

P−1
0

+
1
2 ∫

T

0
∥z − C(ū|ζ

)∥2
W−1 dt]

·̄u|ζ
(t) = A(ū|ζ

, t)

ū|ζ
(0) = u⋄ + ζ

• Minimize the criterion (for example maximum likelihood estimation with Gaussian 
law) with respect to the uncertainties under the constraint of the model dynamics
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Adjoint state method

27

• A and C are supposed to be linear

• We consider a time discretization (just to simplify the presentation!)

{
ūk+1 = Ak+1|kūk,

ū0 = u⋄ + ζ .

For a trajectory  we define 

the associated adjoint variable

(ūk)k (qk)k

We obtain that ζ̃ = min
ζ

𝒥(ζ) = P0q0 .

{
qk − AT

k+1|kqk+1 = CT
k W−1(zk − Ckūk),

qn+1 = 0.

dζ𝒥n(ζ )(dζ ) = ⟨ζ, P−1
0 dζ⟩ −

n

∑
k=0

⟨zk − Ckūk, W−1Ckdζūk(dζ )⟩

s.tmin
ζ

𝒥(ζ) = min
ζ [ 1

2
∥ζ∥2

P−1
0

+
1
2 ∫

T

0
∥z − C(ū|ζ

)∥2
W−1 dt]

·̄u|ζ
(t) = A(ū|ζ

, t)

ū|ζ
(0) = u⋄ + ζ

• Minimize the criterion (for example maximum likelihood estimation with Gaussian 
law) with respect to the uncertainties under the constraint of the model dynamics
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Adjoint state method

27

• A and C are supposed to be linear

• We consider a time discretization (just to simplify the presentation!)

{
ūk+1 = Ak+1|kūk,

ū0 = u⋄ + ζ .

For a trajectory  we define 

the associated adjoint variable

(ūk)k (qk)k

We obtain that ζ̃ = min
ζ

𝒥(ζ) = P0q0 .

{
qk − AT

k+1|kqk+1 = CT
k W−1(zk − Ckūk),

qn+1 = 0.

= ⟨ζ, P−1
0 dζ⟩ −

n

∑
k=0

⟨CT
k W−1(zk − Ckūk), dζūk(dζ )⟩

= ⟨ζ, P−1
0 dζ⟩ +

n

∑
k=0

⟨−(qk − AT
k+1|kqk+1), dζūk(dζ )⟩

= ⟨ζ, P−1
0 dζ⟩ −

n

∑
k=0

⟨qk, dζūk(dζ )⟩ +
n

∑
k=0

⟨AT
k+1|kqk+1, dζūk(dζ )⟩

= ⟨ζ, P−1
0 dζ⟩ −

n

∑
k=0

⟨qk, dζūk(dζ )⟩ +
n

∑
k=0

⟨qk+1, Ak+1|kdζūk(dζ )⟩
= ⟨ζ, P−1

0 dζ⟩ −
n

∑
k=0

⟨qk, dζūk(dζ )⟩ +
n

∑
k=0

⟨qk+1, dζūk+1(dζ )⟩
= ⟨ζ, P−1

0 dζ⟩ − ⟨q0, dζū0(dζ )⟩ + ⟨qn+1, dζūn+1(dζ )⟩
= ⟨ζ, P−1

0 dζ⟩ − ⟨q0, dζ⟩Chavent, G., 1974. Identification of function parameters in partial differential equations, in 
Identification of parameter distributed systems, eds Goodson, R.E. & Polis, New-York, ASME 1974.

dζ𝒥n(ζ )(dζ ) = ⟨ζ, P−1
0 dζ⟩ −

n

∑
k=0

⟨zk − Ckūk, W−1Ckdζūk(dζ )⟩

s.tmin
ζ

𝒥(ζ) = min
ζ [ 1

2
∥ζ∥2

P−1
0

+
1
2 ∫

T

0
∥z − C(ū|ζ

)∥2
W−1 dt]

·̄u|ζ
(t) = A(ū|ζ

, t)

ū|ζ
(0) = u⋄ + ζ

• Minimize the criterion (for example maximum likelihood estimation with Gaussian 
law) with respect to the uncertainties under the constraint of the model dynamics
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Adjoint state method
• And in practice?

28

We proof that ζ̃ = min
ζ

𝒥(ζ) = P0q0 .

{
ūk+1 = Ak+1|kūk,

ū0 = u⋄ + ζ . {
qk − AT

k+1|kqk+1 = CT
k W−1(zk − Ckūk),

qn+1 = 0.

{
ū0

k+1 = Ak+1|kū0
k,

ū0
0 = u⋄ .

Initialization Loop until convergence

{
qp

k − AT
k+1|kq

p
k+1 = CT

k W−1(zk − Ckū
p
k),

qn+1 = 0.

ūp+1
k+1 = Ak+1|kū

p+1
k ,

ūp+1
0 = u⋄ + P0q

p
0 .

• Algorithm
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Adjoint state method
• Can be extended in non-linear case

29

{
ū0

k+1 = Ak+1|k(ū0
k),

ū0
0 = u⋄ .

Initialization Loop until convergence

{
qp

k − (dA)T
k+1|kq

p
k+1 = (dCk)TW−1(zk − Ckū

p
k),

qn+1 = 0.

ūp+1
k+1 = Ak+1|k(ūp+1

k ),

ūp+1
0 = u⋄ + P0q

p
0 .
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Gradient Descent Method

• Gradient descent is based on the observation that if the multi-variable function  is 
defined and differentiable in a neighborhood of a point , then  decreases fastest if 
one goes from  in the direction of the negative gradient of  at : .

F
a F

a F a −∇F(a)
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F
a F

a F a −∇F(a)

31

• Algorithm:  
Let  a guess for a local minimum of ,  a tolerance threshold and  a step size 
1. Computation of  
2. If : stop 
   Else: 


ζ0 F ε γ
∇F(ζk)

∥∇F(ζk)∥ ≤ ε
ζk+1 = ζk − γ∇F(ζk)
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• Gradient descent is based on the observation that if the multi-variable function  is 
defined and differentiable in a neighborhood of a point , then  decreases fastest if 
one goes from  in the direction of the negative gradient of  at : .
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a F
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• Algorithm:  
Let  a guess for a local minimum of ,  a tolerance threshold and  a step size 
1. Computation of  
2. If : stop 
   Else: 


ζ0 F ε γ
∇F(ζk)

∥∇F(ζk)∥ ≤ ε
ζk+1 = ζk − γ∇F(ζk)

• Note that the value of the step size is allowed to change at every iteration.
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Gradient Descent Method

• Gradient descent is based on the observation that if the multi-variable function  is 
defined and differentiable in a neighborhood of a point , then  decreases fastest if 
one goes from  in the direction of the negative gradient of  at : .

F
a F

a F a −∇F(a)

31

• Algorithm:  
Let  a guess for a local minimum of ,  a tolerance threshold and  a step size 
1. Computation of  
2. If : stop 
   Else: 


ζ0 F ε γ
∇F(ζk)

∥∇F(ζk)∥ ≤ ε
ζk+1 = ζk − γ∇F(ζk)

• Note that the value of the step size is allowed to change at every iteration.

• Convergence -  
With certain assumptions on the function  and particular choices of  (e.g., chosen 
either via a line search that satisfies the Wolfe conditions, or the Barzilai–Borwein 
method), convergence to a local minimum can be guaranteed.  
When the function  is convex, all local minima are also global minima, so in this case 
gradient descent can converge to the global solution.

F γ

F
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Gradient Descent Method 
• We would like to minimize the following functional

32

s.tmin
ζ

𝒥(ζ) = min
ζ [∫

T

0
∥z − C(ū|ζ

)∥2
W−1 dt]

·̄u|ζ
(t) = A(ū|ζ

, t)

ū|ζ
(0) = u⋄ + ζ
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Gradient Descent Method 
• We would like to minimize the following functional

32

s.tmin
ζ

𝒥(ζ) = min
ζ [∫

T

0
∥z − C(ū|ζ

)∥2
W−1 dt]

·̄u|ζ
(t) = A(ū|ζ

, t)

ū|ζ
(0) = u⋄ + ζ

• We recall that we have

dζ𝒥n(ζ)(dζ) = −
n

∑
k=0

⟨zk − Ck(ūk), W−1dζCk(ūk)(dζ)⟩
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Gradient Descent Method 
• We would like to minimize the following functional

32

s.tmin
ζ

𝒥(ζ) = min
ζ [∫

T

0
∥z − C(ū|ζ

)∥2
W−1 dt]

·̄u|ζ
(t) = A(ū|ζ

, t)

ū|ζ
(0) = u⋄ + ζ

• We recall that we have

dζ𝒥n(ζ)(dζ) = −
n

∑
k=0

⟨zk − Ck(ūk), W−1dζCk(ūk)(dζ)⟩

• As seen before this gradient can be very difficult to compute it in practice, then we 
can apply the algorithm on an approximation of the gradient using for example 
finite difference methods. 
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Gauss-Newton Method 
• The Gauss–Newton algorithm is used to solve non-linear least squares problems. It 

is a modification of Newton's method for finding a minimum of a function. Unlike 
Newton's method, the Gauss-Newton algorithm can only be used to minimize a 
sum of squared function values.

33

F(ζ) = (z − f(ζ))TW−1(z − f(ζ))
• Simplified notation
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F(ζ) = (z − f(ζ))TW−1(z − f(ζ))
• Simplified notation

f(ζ + dζ) ≈ f(ζ) + df(ζ)(dζ) ≈ f(ζ) + J dζ

• The function evaluated with perturbed model parameters may be locally 
approximated through a first-order Taylor series expansion
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sum of squared function values.
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F(ζ) = (z − f(ζ))TW−1(z − f(ζ))
• Simplified notation

f(ζ + dζ) ≈ f(ζ) + df(ζ)(dζ) ≈ f(ζ) + J dζ

• The function evaluated with perturbed model parameters may be locally 
approximated through a first-order Taylor series expansion

• Substituting the approximation 

F(ζ + dζ) ≈ zTW−1z + f(ζ)TW−1f(ζ) + dζTJTW−1Jdζ − 2(z − f(ζ))TW−1Jdζ − 2zTW−1f(ζ)
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∂dζF(ζ + dζ) ≈ 2dζTJTW−1J − 2(z − f(ζ))TW−1J
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Gauss-Newton Method 
• The Gauss–Newton algorithm is used to solve non-linear least squares problems. It 

is a modification of Newton's method for finding a minimum of a function. Unlike 
Newton's method, the Gauss-Newton algorithm can only be used to minimize a 
sum of squared function values.

33

F(ζ) = (z − f(ζ))TW−1(z − f(ζ))
• Simplified notation

f(ζ + dζ) ≈ f(ζ) + df(ζ)(dζ) ≈ f(ζ) + J dζ

• The function evaluated with perturbed model parameters may be locally 
approximated through a first-order Taylor series expansion

• Substituting the approximation 

F(ζ + dζ) ≈ zTW−1z + f(ζ)TW−1f(ζ) + dζTJTW−1Jdζ − 2(z − f(ζ))TW−1Jdζ − 2zTW−1f(ζ)

• The parameter update  that minimizes  is found from dζ F ∂dζF = 0
∂dζF(ζ + dζ) ≈ 2dζTJTW−1J − 2(z − f(ζ))TW−1J

• The resulting normal equations for the Gauss-Newton update are

[JW−1JT] dζ = JW−1(z − f(ζ))
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• Simplified notation
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F(ζ) = (z − f(ζ))TW−1(z − f(ζ))

• Algorithm:  
ζk+1 = ζk + [JW−1JT]−1JW−1(z − f(ζ))

• We would like to minimize the following functional

s.tmin
ζ

𝒥(ζ) = min
ζ [∫

T

0
∥z − C(ū|ζ

)∥2
W−1 dt]

·̄u|ζ
(t) = A(ū|ζ

, t)

ū|ζ
(0) = u⋄ + ζ

• As seen before it can be very difficult to compute  in practice, then we can apply the 
algorithm on an approximation of  using for example finite difference methods. 

J
J

• Convergence is not guaranteed, not even local convergence as in Newton's method, 
or convergence under the usual Wolfe conditions. 
The rate of convergence of the Gauss–Newton algorithm can approach quadratic.
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Levenberg–Marquardt algorithm
• The Levenberg-Marquardt algorithm combines two numerical minimization 

algorithms: the gradient descent method and the Gauss-Newton method. 

35

Levenberg, Kenneth (1944).  A Method for the Solution of Certain Non-Linear Problems in Least Squares. Quarterly of Applied Mathematics. 2 (2): 
164–168. doi:10.1090/qam/10666.
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where small values of the damping parameter  result in a Gauss-Newton update 
and large values of  result in a gradient descent update. 
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• The damping parameter  is initialized to be large so that first updates are small 
steps in the steepest-descent direction.  
If any iteration happens to result in a worse approximation , then  
is increased.  
Otherwise, as the solution improves,  is decreased, the Levenberg-Marquardt 
method approaches the Gauss-Newton method, and the solution typically 
accelerates to the local minimum.

γ

F(ζ + dζ) ≥ F(ζ) γ

γ
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Trust-Region methods

37

• Trust-region methods define a region around the current iterate within which they trust 
the model to be an adequate representation of the objective function, and then choose 
the step to be the approximate minimizer of the model in this region.
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Algorithm 
1. Compute a descent direction    
    of  in 

2. Choose  to 'loosely' 
minimize 
   

3. Update 

4. Until 


Easy to implement 
Weak convergence results

pk F ζk
γk

F(ζk + αk pk)
ζk+1 = ζk + αk pk

∥∇F(ζk)∥ ≤ ε

Line-search method

• Trust-region methods define a region around the current iterate within which they trust 
the model to be an adequate representation of the objective function, and then choose 
the step to be the approximate minimizer of the model in this region.
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Trust Region Reflective method
• Objective: minimization subject to upper and/or lower bounds

38

On the convergence of interior-reflective Newton methods for nonlinear minimization subject to bounds. Thomas F. Coleman and Yuying Li. 
Mathematical Programming 67 (1994) 189-224.
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• Idea: Use a local transformation. Not so easy if we want a quadratic method.
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Trust Region Reflective method
• Objective: minimization subject to upper and/or lower bounds

38

On the convergence of interior-reflective Newton methods for nonlinear minimization subject to bounds. Thomas F. Coleman and Yuying Li. 
Mathematical Programming 67 (1994) 189-224.

Algorithm 

1. Define a model  of  in :        

   acceptable in a neighboring  leading to  
   (Problem 1) .


2. a. Solve (Problem 1):  and compute  

   b. If  is too small ( ), back to 1.a. after reducing 

      the value of 


3. Update  and  

4. Until 

Ψk F ζk Ψk(s) = ∇gT
k s +

1
2

sT Mks

{ζ ∈ ℝN, ∥ζ∥ ≤ Δk}
min

∥s∥≤Δk

Ψk(s)

sk ρk = −
F(ζk) − F(ζk + sk)

Ψk(sk)
ρk ρk ≤ ω1

Δk ∈ ]τ1∥sk∥, τ2∥sk∥[

ζk+1 = ζk + sk Δk+1 ∈ {[τ2Δk, Δk], if ρk ≤ ω2

[Δk, τ3Δk], else.
∥∇F(ζk)∥ ≤ ε

gk = ∇f(ζk)
Mk = ∇2f(ζk) + Ck

Ck = D−1
k diag(gk)∇Jv

k D−1
k

• Modification of the algorithm:

• Idea: Use a local transformation. Not so easy if we want a quadratic method.



VARIATIONAL STRATEGIES

FORMALISM 
ADJOINT STATE METHOD 
GRADIENT DESCENT-LIKE METHODS 
SIMPLEX METHOD 
STOCHASTIC METHODS 
TOY MODEL 

SIMPLEX METHOD

39
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Nelder–Mead method
• It is a direct search method (based on function comparison) and is often applied to 

nonlinear optimization problems for which derivatives may not be known. 


• The method uses the concept of a simplex, which is a special polytope of N+1 
vertices in N dimensions. Examples of simplices include a line segment in 1D 
space, a triangle in 2D space, a tetrahedron in 3D space and so forth.

40
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Current test points:  order according to the values at the vertices 
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1. Compute  the centroid of all points except 

41

2. Reflection - Compute reflected point  with . If the reflected point is 

better than the second worst, but not better than the best, i.e.  then obtain a 
new simplex by replacing the worst point  and go to 1.

ζr = ζ0 + α(ζ0 − ζN+1) α > 0
f(ζ1) ≤ f(ζr) < f(ζN)

ζN+1
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3. Expansion - If the reflected point is the best point so far  then compute the 
expanded point  with .

If the expanded point is better than the reflected point,   then obtain a new simplex by 
replacing the worst point  with the expanded point  and go to 1.


else obtain a new simplex by replacing the worst point  with the reflexed point  and go to 1.

f(ζ1) > f(ζr)
ζe = ζ0 + γ(ζr − ζ0) γ > 1

f(ζe) < f(ζr)
ζN+1 ζe

ζN+1 ζr
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4. Contraction - If , compute contracted point  with 

. If the contracted point is better than the worst point, i.e. , then obtain 

a new simplex  with the reflexed point  and go to 1.

f(ζr) > f(ζN) ζc = ζ0 + ρ(ζN+1 − ζ0)
0 < ρ < 0.5 f(ζc) < f(ζN+1)

ζN+1 ζc
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5. Shrink - Replace all points except the best  with  and go to step 1.ζ1 ζi = ζ1 + σ(ζi − ζ1)
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Nelder–Mead method

42

ζ1

ζ2

Simulated annealing searching for a maximum. The objective here is to get to the highest point. In this 
example, it is not enough to use a simple hill climb algorithm, as there are many local maxima.
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VARIATIONAL STRATEGIES

FORMALISM 
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TOY MODEL 
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Stochastic optimization
• Stochastic optimization (SO) methods are optimization methods that generate and 

use random variables.  As seen before, the random variables appear in the 
formulation of the optimization problem itself. Stochastic optimization methods 
generalize deterministic methods for deterministic problems.
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• Can be used to control experimental (random) error in the measurements of the 
criterion. In such cases, knowledge that the function values are contaminated by 
random "noise" leads naturally to algorithms that use statistical inference tools to 
estimate the "true" values of the function and/or make statistically optimal decisions 
about the next steps. Methods of this class include:

• stochastic approximation (SA), by Robbins and Monro (1951)

• stochastic gradient descent

• finite-difference SA by Kiefer and Wolfowitz (1952)

• simultaneous perturbation SA by Spall (1992)

• scenario optimization
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Stochastic optimization
• On the other hand, even when the data set consists of precise measurements, 

some methods introduce randomness into the search-process to: accelerate 
progress, to make the method less sensitive to modeling errors or to escape a local 
optimum and eventually to approach a global optimum. 


• Stochastic optimization methods of this kind include:

• Simulated annealing by S. Kirkpatrick, C. D. Gelatt and M. P. Vecchi (1983)

• Quantum annealing

• Probability Collectives by D.H. Wolpert, S.R. Bieniawski and D.G. Rajnarayan (2011)

• Reactive search optimization (RSO) by Roberto Battiti, G. Tecchiolli (1994)

• Cross-entropy method by Rubinstein and Kroese (2004)

• Random search by Anatoly Zhigljavsky (1991)

• Informational search 

• Stochastic tunneling

• Parallel tempering a.k.a. replica exchange

• Stochastic hill climbing

• Swarm algorithms

• Evolutionary algorithms

• Genetic algorithms by Holland (1975)

• Evolution strategies

• Cascade object optimization & modification algorithm (2016)

45
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Stochastic optimization - Simulated annealing
• Simulated annealing (SA) is a probabilistic technique for approximating the global 

optimum of a given function.  For problems where finding an approximate global 
optimum is more important than finding a precise local optimum in a fixed amount 
of time, simulated annealing may be preferable to exact algorithms such as gradient 
descent.
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• The name of the algorithm comes from annealing in metallurgy, a technique 
involving heating and controlled cooling of a material to alter its physical properties.
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• This notion of slow cooling implemented in the simulated annealing algorithm is 
interpreted as a slow decrease in the probability of accepting worse solutions as the 
solution space is explored. 
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• The name of the algorithm comes from annealing in metallurgy, a technique 
involving heating and controlled cooling of a material to alter its physical properties.

• The problems solved by SA are currently formulated by an objective function of 
many variables, subject to several constraints.

• This notion of slow cooling implemented in the simulated annealing algorithm is 
interpreted as a slow decrease in the probability of accepting worse solutions as the 
solution space is explored. 

• The simulation can be performed either by a solution of kinetic equations for density 
functions or by using the stochastic sampling method. The method is an adaptation of 
the Metropolis–Hastings algorithm, a Monte Carlo method to generate sample states 
of a thermodynamic system, published by N. Metropolis et al. in 1953.
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Stochastic optimization - Simulated annealing

• The probability of making the transition from the current state  to a candidate new 
state  is specified by an acceptance probability function  
that depends on the values of   and  but also on a global time-varying 
parameter  called the temperature.

ζ
ζnew ℙ(F(ζ), F(ζnew), T )

F(ζ) F(ζnew)
T
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ζ
ζnew ℙ(F(ζ), F(ζnew), T )

F(ζ) F(ζnew)
T

47

• Let  be the initial state and  the maximum of steps. In the process: 

• the call neighbour(s) generate a randomly chosen neighbour(s) of a given state  ; 

• the call random(0, 1) pick and return a value in the range [0, 1], uniformly at 

random ;

• the annealing schedule is defined by the call temperature , which should yield 

the temperature to use, given the fraction  of the time budget that has been 
expended so far.

ζ0 kmax
ζ

(r)
r
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• Let  be the initial state and  the maximum of steps. In the process: 

• the call neighbour(s) generate a randomly chosen neighbour(s) of a given state  ; 

• the call random(0, 1) pick and return a value in the range [0, 1], uniformly at 

random ;

• the annealing schedule is defined by the call temperature , which should yield 

the temperature to use, given the fraction  of the time budget that has been 
expended so far.

ζ0 kmax
ζ

(r)
r

• Algorithm -  
 

For   
      
     Pick a random neighbour,  
     If : 

ζ = ζ0
k = 0 : kmax

T ← temperature(1 − (k + 1)/kmax)
ζnew ← neighbour

ℙ(F(ζ), F(ζnew), T ) ≥ random(0,1) ζ ← ζnew
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Stochastic optimization - Simulated annealing

48

Simulated annealing searching for a maximum. The objective here is to get to 
the highest point. In this example, it is not enough to use a simple hill climb 

algorithm, as there are many local maxima.
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algorithm, as there are many local maxima.
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Toy model

• Pharmacokinetics one-compartment model with first-order absorption and elimination

ka

50

·AGI = − kaAGI

·UP =
ka

V0
AGI − keUP

 Dose in Gastro-intestinal compartment (mg) 

  Concentration Plasma compartment (mg/L) 


   Drug absorption rate (1/h) 

   Drug elimination rate (1/h) 

  Volume of distribution (L)

AGI
UP
ka
ke
V0

AGI UP (V0)

ke

!"#
$%
('()

*+

*,

-./ Dose in Gastro-intestinal compartment mg
01 Concentration Plasma compartment mg/L

23 Drug absorption rate h-1

24 Drug elimination rate h-1

56 Volume of distribution L

(a)                                                                                                  (b)  

• Observations z = UP
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Toy model

• What do we want to estimate? 

• Are they all identifiable?

• Observations: 

• The exact solution writes: 


θ = [U0
P, A0

GI, ka, ke, V0]

z = UP

51

·AGI = − kaAGI

·UP =
ka

V0
AGI − keUP

UP(t, θ) = (U0
P +

A0
GIka

V0(ka − ke) ) e−ket −
A0

GIka

V0(ka − ke)
e−kat
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• The exact solution writes: 


θ = [U0
P, A0

GI, ka, ke, V0]

z = UP

51

·AGI = − kaAGI

·UP =
ka

V0
AGI − keUP

UP(t, θ) = (U0
P +

A0
GIka

V0(ka − ke) ) e−ket −
A0

GIka

V0(ka − ke)
e−kat

• The injectivity of the function leads to   

                                         

leads to  

                                                      .


• And robustness to measurements errors?

ψT : {ℝ5 → 𝒞0((0,T ), ℝ)
θ ↦ (t ↦ UP(t, θ))

(U0
P)1 = (U0

P)2

(A0
GI)1k1

a

V1
0(k1

a − k1
e )

=
(A0

GI)2k2
a

V2
0(k2

a − k2
e )
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Toy model
• Freerun obtained with priors values

• Target obtained with random values following the Gaussian laws 

• Observations obtained by adding noise and considering only few times

We build noisy and time-
sampled observations of 

synthetic patients.

52

Generate different values of parameters 
and different initial conditions with 


 ke = ek̃e,  s.t k̃e ∼ 𝒩(μke
, σke

)

V0 = eṼ0,  s.t Ṽ0 ∼ 𝒩(μV0
, σV0

)
AGI(0) ∼ 𝒩(μAGI

, σAGI
)

UP(0) ∼ 𝒩(μUP
, σUP

)



ANNABELLE COLLIN 

Toy model
• Text

53
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Toy model
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Toy model
• Text

55
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Toy model
• Example with Trust-Region-Reflective algorithm for 3 synthetic patients

56
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Toy model
• Comparison between algorithms for 1000 synthetic patients

57

Algorithm Error Computational times (mean)

Levenberg-Marquardt 0 0.04 s

Trust-Region-Reflective  0.014 0.059 s

Nelder-Mead 0.001 0.312 s

Dual-Annealing (only 100 
patients) 0.016 9 s

1
Np

Np

∑
i=1

1
Nζ

Nζ

∑
j=1

|ζi − ζtrue
i |

Error
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Toy model
• Comparison between algorithms for 1000 synthetic patients

57

Algorithm Error Computational times (mean)

Levenberg-Marquardt 0 0.04 s

Trust-Region-Reflective  0.014 0.059 s

Nelder-Mead 0.001 0.312 s

Dual-Annealing (only 100 
patients) 0.016 9 s

1
Np

Np

∑
i=1

1
Nζ

Nζ

∑
j=1

|ζi − ζtrue
i |

Works very well! 
Locally identifiable …

Error
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Toy model
• Modify priors for Levenberg-Marquardt algorithm

58

Priors Error

True priors 0

(0,0,0) 2.755

1
Np

Np

∑
i=1

1
Nζ

Nζ

∑
j=1

|ζi − ζtrue
i |

Error
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Toy model
• Modify priors for Levenberg-Marquardt algorithm

58

Priors Error

True priors 0

(0,0,0) 2.755

Only locally identifiable … 

Fits are good but the estimated  
parameters are not.

1
Np

Np

∑
i=1

1
Nζ

Nζ

∑
j=1

|ζi − ζtrue
i |

Error
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Toy model
• Increase measurement noise for Levenberg-Marquardt algorithm

59

Noise (standard 
deviation)

Error
0 0

0.2 0.03
0.4 0.102
1 0.156

Noise standard deviation = 1Noise standard deviation = 0.2 Noise standard deviation = 0.4

1
Np

Np

∑
i=1

1
Nζ

Nζ

∑
j=1

|ζi − ζtrue
i |

Error
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Toy model
• Increase measurement noise for Levenberg-Marquardt algorithm

59

Noise (standard 
deviation)

Error
0 0

0.2 0.03
0.4 0.102
1 0.156

Pratical identifiability

Noise standard deviation = 1Noise standard deviation = 0.2 Noise standard deviation = 0.4

1
Np

Np

∑
i=1

1
Nζ

Nζ

∑
j=1

|ζi − ζtrue
i |

Error
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Toy model
• Real data 

60

• Estimation

ka ke V0

Parameters distribution

Assuming Gaussian law
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Population approach
• The mixed-effect approach consists of pooling all the patients together and 

estimating a global distribution of the model parameters in the population. 

61

B. Ribba et al.  A review of mixed-effects models of tumor growth and effects of anticancer drug treatment used in population analysis. CPT: Pharmacometrics & 
Systems Pharmacology, 3(5):1–10, 2014. 
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• The mixed-effect approach consists of pooling all the patients together and 

estimating a global distribution of the model parameters in the population. 

61

B. Ribba et al.  A review of mixed-effects models of tumor growth and effects of anticancer drug treatment used in population analysis. CPT: Pharmacometrics & 
Systems Pharmacology, 3(5):1–10, 2014. 

• More precisely, the individual parameters are assumed to be realizations of a random 
variable decomposed into two parts: 
                                               


• where  is the number of considered patients,  correspond to the fixed effects 
where as  correspond to the random effects and have been assumed with mean 
zero. 

θi = θpop + θind
i , i ∈ [1,NP]

NP θpop

θind
i
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Population approach
• The mixed-effect approach consists of pooling all the patients together and 

estimating a global distribution of the model parameters in the population. 

61

B. Ribba et al.  A review of mixed-effects models of tumor growth and effects of anticancer drug treatment used in population analysis. CPT: Pharmacometrics & 
Systems Pharmacology, 3(5):1–10, 2014. 

• More precisely, the individual parameters are assumed to be realizations of a random 
variable decomposed into two parts: 
                                               


• where  is the number of considered patients,  correspond to the fixed effects 
where as  correspond to the random effects and have been assumed with mean 
zero. 

θi = θpop + θind
i , i ∈ [1,NP]

NP θpop

θind
i

• Objective: A population approach allows to compensate for sparse sampling times 
and measurement uncertainties by constraining the variability of the parameters in 
the population.


• Classical algorithm: SAEM algorithm
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Population approach
• Illustration sur les données réelles

• Utilisation du logiciel Monolix

62

Parameters distribution

Assuming Gaussian law
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Few conclusion on variational strategies
• Limitations:


• Importance of the priors  
[if local extrema?]


• Increase errors  
[Practical identifiability? ]


• Possible to also estimate standard deviations

• Computational expensive for use with PDE  

[ok for small 1D … not for 2D or 3D]

• There is no perfect method!  

[Need to be chosen depending on the system and on your question!]

63

t

Target parameters
Identified parameters

t

Target system
Limit system

Iteration 0

.

.

.

Iteration n

Iteration 0

.

.

.

Iteration n
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63

t

Target parameters
Identified parameters

t

Target system
Limit system

Iteration 0

.

.

.

Iteration n

Iteration 0

.

.

.

Iteration n

• Strategies of optimization can be used in various other fields as machine and deep 
learning …



SEQUENTIAL STRATEGIES

FORMALISM 
STATE OBSERVER - LUENBERGER FILTER 
STATE OBSERVER - LINEAR KALMAN FILTER 
PARAMETER AND STATE OBSERVER 
REDUCED ORDER KALMAN FILTER 
JOINT STATE (L) & PARAMETERS (K) OBSERVER
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Sequential approach
• Correct the dynamics by a feedback based on the discrepancy combining the data 

and the model state 

• And parameters have a dynamics too ! �

����

����

˙̂u(t) = A(û, �̂, t) + Gu(D(z, û))
˙̂�(t) = G�(D(z, û))
û(0) = u�
�̂(0) = ��

<latexit sha1_base64="5A9LHiWpL4VmdqGAY84ixGm/F6A="></latexit>

�
�

�

u̇(t) = A(u, �, t)
u(0) = u� + �u

�(0) = �� + ��
<latexit sha1_base64="73f0nNCUnMv6006Gwd4a4QkEU7Y="></latexit>

Objective: find     and     , such that
(û, �̂) ��t�� (u, �)

<latexit sha1_base64="oiAKlxPGhR68L1XoybjkPPqfN/s="></latexit>

Gu
<latexit sha1_base64="5Zq0hhxoKUfug0W8BR8i6KDXhfM="></latexit> G�

<latexit sha1_base64="tyf68BaFs7XcQpS+34rKumDfMAI="></latexit>
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Variational limit

t

Target parameter

Final estimation

t

Var. limit

Target state

Final estimation

�
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State observer - Luenberger observer
• To introduce the principle of sequential method, we will assume that the 

uncertainties are limited to the initial conditions …
Target model
�
���

���

ȦGI = �kaAGI
U̇P = ka

V0
AGI � keUP

AGI(0) = AGI,� + �AGI

UP(0) = UP,� + �UP
<latexit sha1_base64="QcJCboyh6PY9vjeAVzkCu+99FmY="></latexit>

Freerun model�
����

����

˙̂AGI = �kaÂGI
˙̂UP = ka

V0
ÂGI � keÛP

ÂGI(0) = AGI,�
ÛP(0) = UP,�

<latexit sha1_base64="xMq2VvQ49PRn28eIFjTv5yKj7FQ="></latexit>
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Freerun model�
����

����

˙̂AGI = �kaÂGI
˙̂UP = ka

V0
ÂGI � keÛP

ÂGI(0) = AGI,�
ÛP(0) = UP,�

<latexit sha1_base64="xMq2VvQ49PRn28eIFjTv5yKj7FQ="></latexit>

Error model
ÃGI = AGI � ÂGI, ŨP = UP � ÛP

<latexit sha1_base64="5V1Bt7BdQt+v1ZPGKTE4ffH8jQE="></latexit>

�
����

����

˙̃AGI = �kaÃGI
˙̃UP = ka

V0
ÃGI � keŨP

ÃGI(0) = �AGI

ŨP(0) = �UP
<latexit sha1_base64="UhV8eXsWCdO1eGkqiL1mNpbw5OU="></latexit>
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ÃGI = AGI � ÂGI, ŨP = UP � ÛP

<latexit sha1_base64="5V1Bt7BdQt+v1ZPGKTE4ffH8jQE="></latexit>

�
����

����

˙̃AGI = �kaÃGI
˙̃UP = ka

V0
ÃGI � keŨP

ÃGI(0) = �AGI

ŨP(0) = �UP
<latexit sha1_base64="UhV8eXsWCdO1eGkqiL1mNpbw5OU="></latexit>

�
ÃGI

ŨP

�
= P�1

�
e�kat 0
0 e�ket

�
P
�

�AGI

�UP

�
.

<latexit sha1_base64="kUL+du3QSdlrrf5+Vu81su6eir4="></latexit>

The solution of the error model is given by
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<latexit sha1_base64="5V1Bt7BdQt+v1ZPGKTE4ffH8jQE="></latexit>

�
����

����

˙̃AGI = �kaÃGI
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�
ÃGI

ŨP

�
= P�1

�
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0 e�ket

�
P
�

�AGI

�UP

�
.

<latexit sha1_base64="kUL+du3QSdlrrf5+Vu81su6eir4="></latexit>

The solution of the error model is given by

The solution of the error model converges exponentially to 0.

Objective: find a filter which increases this convergence using the observations  .z = UP
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State observer - Luenberger observer
• To introduce the principle of sequential method, we will assume that the 

uncertainties are limited to the initial conditions …
Target model Observer model
�
���

���

ȦGI = �kaAGI
U̇P = ka

V0
AGI � keUP

AGI(0) = AGI,� + �AGI

UP(0) = UP,� + �UP
<latexit sha1_base64="QcJCboyh6PY9vjeAVzkCu+99FmY="></latexit>

Error model
ÃGI = AGI � ÂGI, ŨP = UP � ÛP

<latexit sha1_base64="5V1Bt7BdQt+v1ZPGKTE4ffH8jQE="></latexit>

The solution of the error model is given by

z = UP
<latexit sha1_base64="CdAiT3VNHadVpVSmb9V+K63tMc4="></latexit>

�
����

����

˙̂AGI = �kaÂGI
˙̂UP = ka

V0
ÂGI � keÛP��(ÛP � z)

ÂGI(0) = AGI,�
ÛP(0) = UP,�

<latexit sha1_base64="QE9r0X9Dh3wVihTOv5z6X1YI3Jw="></latexit>

�
����

����

˙̃AGI = �kaÃGI
˙̃UP = ka

V0
ÃGI � (ke + �)ŨP

ÃGI(0) = �AGI

ŨP(0) = �UP
<latexit sha1_base64="XhIYc8wMcD3fiVJu/nGTw59raQU="></latexit>

�
ÃGI

ŨP

�
= P�1

�
e�kat 0
0 e�(ke+�)t

�
P
�

�AGI

�UP

�
.

<latexit sha1_base64="bvJbulqALDIaoYvfaSvoVAlT9sI="></latexit>

The solution of the error model quicker converges exponentially to 0 since � > 0.
<latexit sha1_base64="IBKxg5Sbj2Y+WrsKkcw+C03MBZ4="></latexit>
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State observer - Luenberger observer
• Numerical illustrations on 2 patients without noise 

• Interpolated data

• Satisfying results for UP

• the blue curve (observer model) converges to the orange ones (target model)

• the error between the solutions of the observer and the target models is smaller than 

the error between the solutions of the freerun and target models (third column)

• displacement of the eigenvalue associated to UP

70
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State observer - Luenberger observer
• Can we do better? 

• Modify AGI?

Target model Observer model
�
���

���

ȦGI = �kaAGI
U̇P = ka

V0
AGI � keUP

AGI(0) = AGI,� + �AGI

UP(0) = UP,� + �UP
<latexit sha1_base64="QcJCboyh6PY9vjeAVzkCu+99FmY="></latexit>

Error model
ÃGI = AGI � ÂGI, ŨP = UP � ÛP

<latexit sha1_base64="5V1Bt7BdQt+v1ZPGKTE4ffH8jQE="></latexit>

The eigenvalues depend on the values of the 
parameters

and can be complex. 

We do not improve the convergence for all values of the 
parameters …

z = UP
<latexit sha1_base64="CdAiT3VNHadVpVSmb9V+K63tMc4="></latexit>

�
����

����

˙̂AGI = �kaÂGI�µ(ÛP � z)
˙̂UP = ka

V0
ÂGI � keÛP��(ÛP � z)

ÂGI(0) = AGI,�
ÛP(0) = UP,�

<latexit sha1_base64="+itbPsWLQ7muZZlWhDqL6iW+pks="></latexit>

�
����

����

˙̃AGI = �kaÃGI � µŨP
˙̃UP = ka

V0
ÃGI � (ke + �)ŨP

ÃGI(0) = �AGI

ŨP(0) = �UP
<latexit sha1_base64="MuRLNzFIaCOoZyjr5Uk2Xs7/wfQ="></latexit>

71



ANNABELLE COLLIN 

State observer - Luenberger observer
• Comment line 40 and uncomment line 41 of the file: 

params_PK_synthetic_data_state_observer

• Not so easy to conclude :)

72



ANNABELLE COLLIN 

State observer - Luenberger observer
• The time loop of the state observer is given in analyze_state_nudging_observer:

Only one line has been added (very 
simple to implement !)

73
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State observer - Luenberger observer
• To conclude …


• This kind of observer/filter is called a nudging observer.  This idea – originally 
introduced by Luenberger in 1971 – relies on the definition of the simplest 
possible filter such that the error between the observed trajectory and the 
observer system tends to zero.


• Very simple to implement …

• Very interesting in terms of computational cost

• But has to be adapted to each model 

• But can be difficult to prove that the error tends to zero … 

• But can be difficult to fix the gain parameters (which corresponds to the 

confidence that we have in the data as we will see later …)

• But can not be statically interpreted 

• But does not allow to estimate parameters …

D.G. Luenberger. An introduction to observers. 
IEEE Transactions on Automatic Control, 
16:596–602, 1971.
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SEQUENTIAL STRATEGIES

FORMALISM 
STATE OBSERVER - LUENBERGER FILTER 
STATE OBSERVER - LINEAR KALMAN FILTER 
PARAMETER AND STATE OBSERVER - KALMAN FILTER 
REDUCED ORDER KALMAN FILTER 
JOINT STATE (L) & PARAMETERS (K) OBSERVER

STATE OBSERVER - LINEAR KALMAN FILTER
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State observer - Linear Kalman filter
• Minimize the criterion (for example maximum likelihood estimation with Gaussian 

law) with respect to the uncertainties under the constraint of the model dynamics

s.t
�

˙̄u|� (t) = A(ū|� , t)
ū|� (0) = u� + �

<latexit sha1_base64="VfiSsdmPLUfzDAG96DeUohD2U5M="></latexit>
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min
�

J �) =
1
2
���2

P�1
0

+
1
2

� T

0
�z � C(ū|� )�2W�1 dt
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• A and C are supposed to be linear

• We consider a time discretization (just to simplify the presentation!)

ūk+1 = Ak+1|kūk, ū0 = u� + �

The following functional

Jn(�) =
1
2

�
�, P�1

0 �
�

+
n�

k=0

�
zk � Ckūk,W�1(zk � Ckūk)

�

admits one and only one minimizer (quadratic functional) denoted �̃ obtained when
d�Jn(�̃) = 0. The derivative of Jn(�) with respect to � is given by

d�Jn(�)(d�) =
1
2

�
�, P�1

0 d�
�

� 1
2

n�

k=0

�
zk � Ckūk,W�1Ckd� ūk(d�)

�
.
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ū|� (0) = u� + �

<latexit sha1_base64="VfiSsdmPLUfzDAG96DeUohD2U5M="></latexit>

76

min
�

J �) =
1
2
���2

P�1
0

+
1
2

� T

0
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ūk+1 = Ak+1|kūk, ū0 = u� + �
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�
.

<latexit sha1_base64="MvSDzanbFAdiXa6XLgkah9EJggs="></latexit>
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State observer - Linear Kalman filter
• Minimize the criterion (for example maximum likelihood estimation with Gaussian 

law) with respect to the uncertainties under the constraint of the model dynamics

s.t
�

˙̄u|� (t) = A(ū|� , t)
ū|� (0) = u� + �
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We obtain that �̃ = min� J (�) = P0q0.
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For a trajectory (ūk)k we define
(qk)k the associated adjoint variable
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qk � ATk+1|kqk+1 = CTkW
�1(zk � Ckūk),

qn+1 = 0.
<latexit sha1_base64="4uHxlhItlGrW7H3ZVCVfQ0G3B7o="></latexit>

77

min
�

J �) =
1
2
���2

P�1
0

+
1
2

� T

0
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=
�
�, P�1

0 d�
�
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We obtain that

For a trajectory          we define 

         the associated adjoint variable
For a trajectory (ūk)k we define
(qk)k the associated adjoint variable
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State observer - Linear Kalman filter

78

s.t
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˙̄u|� (t) = A(ū|� , t)
ū|� (0) = u� + �
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• Theorem (Time-discrete version) - Defining  (optimal trajectory) the solution of the 
two-ends problem, 

 

we have the following identity where  is defined by  

 

with  is the Kalman gain.

ũk+1 = Ak+1|kũk, ũ0 = u⋄ + P0q̃0,

q̃k = AT
k+1|kq̃k+1 + CT

k W−1(zk − Ckũk), q̃n+1 = 0,
ũk = ̂uk + Pkq̃k, ( ̂uk, Pk)k

̂u−
0 = u⋄

̂u+
k = ̂u−

k + Kk(zk − Ck ̂u−
k )

̂u−
k+1 = Ak+1|k ̂u+

k

P−
0 = P0

P+
k = P−

k − KkCkP−
k

P−
k+1 = Ak+1|kP+

k AT
k+1|k,

Kk = P−
k CT

k (CkP−
k CT

k + W )−1

• Minimize the criterion (for example maximum likelihood estimation with Gaussian 
law) with respect to the uncertainties under the constraint of the model dynamics
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State observer - Linear Kalman filter

R. Kalman and R. Bucy. New results in linear 
filtering and prediction theory. Trans. ASME J. 
Basic. Eng., 83:95—108, 1961.
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State observer - Linear Kalman filter
• Minimize the criterion (for example maximum likelihood estimation with Gaussian 

law) with respect to the uncertainties under the constraint of the model dynamics

s.tmin
�

J �) =
1
2
���2

P�1
0

+
1
2

� T

0
�z � C(ū|� )�2W dt
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ū|� (0) = u� + �

<latexit sha1_base64="VfiSsdmPLUfzDAG96DeUohD2U5M="></latexit>

79



ANNABELLE COLLIN 

State observer - Linear Kalman filter
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• Proof by induction:

• 

• Let us assume that the formula is satisfied for some ,   , we have 

ũ0 = u⋄ + P0q̃0 = ̂u0 + P0q̃0
k ũk = ̂uk + Pkq̃k
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Proof by induction:
• ũ0 = u� + P0q̃0 = û0 + P0q̃0,
• Let us assume that the formula is satisfied for some k, ũk = ûk + Pkq̃k, we have

ũk+1 = Ak+1|kũk = Ak+1|k(ûk + Pkq̃k)

= Ak+1|k(û
+
k � Kk(zk � Ckû

�
k ) + (P+k + KkCkP

�
k )q̃k)

= Ak+1|kû
+
k� �� �

û�
k+1

�Ak+1|kKk(zk � Ck (û�
k + P�

k q̃k)� �� �
ũk

) + Ak+1|kP
+
k q̃k����

ATk+1|kq̃k+1+Ak+1|kCTkW
�1(zk�Ckũk)

= û�
k+1 � Ak+1|kKk(zk � Ckũk) + Ak+1|kP

+
k A

T
k+1|k� �� �

P�
k+1

q̃k+1 + Ak+1|kP
+
k C

T
kW

�1(zk � Ckũk)

= û�
k+1 + P�

k+1q̃k+1 � Ak+1|k(Kk � P+k C
T
kW

�1)(zk � Ckũk).

We conclude by proving that Kk � P+k C
T
kW

�1 = 0:

Kk � P+k C
T
kW

�1 = Kk � (P�
k � KkCkP

�
k )CTkW

�1 = (Kk(W + CkP
�
k C

T
k) � P�

k Ck)W
�1

= (P�
k C

T
k(CkPkC

T
k + W)�1(W + CkP

�
k C

T
k) � PkCk)W�1 = 0.
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�
k ) + (P+k + KkCkP

�
k )q̃k)

= Ak+1|kû
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k+1q̃k+1 � Ak+1|k(Kk � P+k C
T
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�1)(zk � Ckũk).

We conclude by proving that Kk � P+k C
T
kW

�1 = 0:

Kk � P+k C
T
kW

�1 = Kk � (P�
k � KkCkP

�
k )CTkW

�1 = (Kk(W + CkP
�
k C

T
k) � P�

k Ck)W
�1

= (P�
k C

T
k(CkPkC

T
k + W)�1(W + CkP

�
k C

T
k) � PkCk)W�1 = 0.
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• We conclude by proving that :Kk − P+
k CT

k W−1 = 0
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• Satisfying results for UP

• the blue curve (observer model) converges to the orange ones (target model)

80

State observer - Linear Kalman filter
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State observer - Linear Kalman filter

Matrix operations

81



ANNABELLE COLLIN 

State observers 
• Study the stability:


• Modify the observations time to consider time-sampled observations

• Increase the value of the observations noise

• Which filter seems to be the more sensitive to observations noise ?


• Specific to each filter: 

• For nudging filter, we can play with the valeurs of the nudging parameters. The 

more the noise is important the less the values of the parameters have to be … 
(We do not known how they are related to the deviation standard of the 
observations noise …)


• For Kalman filter:

= P0 =

�
�2
AGI 0
0 �2

UU

�
with AGI(0) � N (µAGI , �AGI) UP(0) � N (µUP , �UP)

<latexit sha1_base64="xazB400WFw/VR4qOsbsNlHESoTk="></latexit>
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=
1
dt
W with z = UP + �, � � N (0,W1/2)
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SEQUENTIAL STRATEGIES

FORMALISM 
STATE OBSERVER - LUENBERGER FILTER 
STATE OBSERVER - LINEAR KALMAN FILTER 
PARAMETER AND STATE OBSERVER - KALMAN FILTER 
REDUCED ORDER KALMAN FILTER 
JOINT STATE (L) & PARAMETERS (K) OBSERVER

PARAMETER AND STATE OBSERVER - KALMAN FILTER

83



ANNABELLE COLLIN 

Parameter and state observer
• The parameters can be treated as the state variable by augmenting the state 

dimension:�
�

�

u̇(t) = A(u, �, t)
u(0) = u� + �u

�(0) = �� + ��
<latexit sha1_base64="+bWBd/j6/QrRoRWKEFuZ2ShpFSk="></latexit>

�
�u̇(t) = �A(�u, t)
�u(0) = �u� + �
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�
u
�

�
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�
u�
��

�
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� =

�
�u

��

�
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�A =

�
A
0

�
(as �̇ = 0)
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�̂u+k = �̂u�
k + �Kk(zk � �Ck�̂u

�
k )

�̂u�
k+1 = �Ak+1|k

�û+k
�P�

0 = �P0
�P+k = �P�

k � �K�
kCk

�P�
k

�P�
k+1 = �Ak+1|k

�P+k
�ATk+1|k,

with �Kk = �P�
k

�CTk(
�Ck�P

�
k

�CTk + W)�1
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• If      and      (the augmented observation operator) are linear, we can use the Kalman-
Bucy filter presented previously 

�A
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Parameter and state observer
• And if it is not linear? Even the augmented dynamics of the very simple PK model is 

not linear: �
�����

�����

ȦGI = �kaAGI
U̇P = ka

V0
AGI � keUP

k̇a = 0
k̇e = 0
V̇0 = 0

<latexit sha1_base64="q1dt1ARWiNgqjc80R4sIbFKfIrc="></latexit>
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• With non-linear model operator and observation operator, the optimal sequential 
estimator can still be defined but to the prize of a computational complexity for large 
dimensional systems. 

85



ANNABELLE COLLIN 

Parameter and state observer
• And if it is not linear? Even the augmented dynamics of the very simple PK model is 

not linear: �
�����

�����
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• With non-linear model operator and observation operator, the optimal sequential 
estimator can still be defined but to the prize of a computational complexity for large 
dimensional systems. 
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Of course, it can also be used 
to estimate only the state 

�
�������

�������

�̂u�
0 = �u�

�̂u+k = �̂u�
k + �Kk(zk ��Ck(�̂u�

k ))
�̂u�

k+1 = �Ak+1|k(
�û+k )

�P�
0 = �P0

�P+k = �P�
k � �Kkd�Ck�P

�
k

�P�
k+1 = d�Ak+1|k

�P+k d
�ATk+1|k,

with �Kk = �P�
k d

�CTk(d
�Ck�P

�
k d

�CTk + W)�1
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• Therefore, it is classical to rely on approximate optimal sequential estimator based 
on the generalization of the Kalman filter to non-linear operators. This is typically the 
case with the Extended Kalman filter where we have
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Parameter and state observer - EKF
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Parameter and state observer - UKF
• It can be more convenient to rely on the Unscented-Kalman Filter where the tangent 

operators are replaced by finite difference approximations based on sampling 
points.
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Conclusion on Kalman filters
• Can be used for every model: That is why this method is very interesting!

• Allow to estimate state and parameters 
• Quite simple to implement

• Can be statically interpreted 

• Is related (at least for the linear Kalman-Bucy filter) to a variational strategy


• But have an important drawback which is the prohibitive computation of the 
covariance matrix P. Indeed P is a full matrix of size                 .N�u � N�u

<latexit sha1_base64="W8eTXi4NTrn4w3v+xjO64L+cnOw="></latexit>

Concerning PDE:

• Ok for 1D 

• For small 2D (~100 x 100)

• Impossible for 3D …
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SEQUENTIAL STRATEGIES

FORMALISM 
STATE OBSERVER - LUENBERGER FILTER 
STATE OBSERVER - LINEAR KALMAN FILTER 
PARAMETER AND STATE OBSERVER - KALMAN FILTER 
REDUCED ORDER KALMAN FILTER 
JOINT STATE (L) & PARAMETERS (K) OBSERVER
REDUCED ORDER KALMAN FILTER
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Reduced Order Kalman Filter
• A possible strategy is to use reduced-order covariance operators. 


• A typical example of order reduction occurs when we restrict the uncertainty space 
to the parameter space.


• The main idea behind the reduced order strategy is to consider a SVD 
decomposition of P of the form

with U an invertible matrix of small size and L an extension operator. 

For linear operators, this decomposition is stable over time and the equation on P 
leads to the two following systems with admissible computational times


In non-linear cases, extensions of these two systems have been developed.

P = LU�1L
<latexit sha1_base64="aV/xSjv3dNzehVqC9yL9Pd19eIM="></latexit>

L̇ = AL and U̇ = LTCTW�1C L
<latexit sha1_base64="2SBSSNhU24xCXsVjox1uv3GsUFI="></latexit>

 P. Moireau, D. Chapelle, and P. Le Tallec. Joint state 
and parameter estimation for distributed mechanical 
systems. Computer Methods in Applied Mechanics 
and Engineering, 197:659–677, 2008.
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SEQUENTIAL STRATEGIES

FORMALISM 
STATE OBSERVER - LUENBERGER FILTER 
STATE OBSERVER - LINEAR KALMAN FILTER 
PARAMETER AND STATE OBSERVER - KALMAN FILTER 
REDUCED ORDER KALMAN FILTER 
JOINT STATE (L) & PARAMETERS (K) OBSERVERJOINT STATE (L) & PARAMETERS (K) OBSERVER
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Joint state (L) - parameters (K) observer
• It is possible to combine the two sequential strategies in order to propose a joint 

state and parameters estimation with a reasonable computational time (for PDE). 


• We use two different gains:

• one for the state: a Luenberger observer,

• and one for the parameters: a Kalman observer.

At each time step:

Prediction
û+
n = An+1|nû

�
n

<latexit sha1_base64="tV5jgzLLY56EIP04FLYSl8nuDGk="></latexit>

State correction
û++
n = GL(û+

n , zn)
<latexit sha1_base64="SPvAs7RPve8agepbjeMH2ZwJcnI="></latexit>

û�
n+1 = Gu

KR(û
++
n , zn) and �̂n+1 = G�

KR(�̂n)
<latexit sha1_base64="ygM+jMjIrxX3nvFi2Zibs5SR/jc="></latexit>

Parameter correction
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Joint state (L) - parameters (K) observer
• Text
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Parameter and state observers
• Study the stability 


• Modify the observations time to consider time-sampled observations

• Increase the value of the observations noise 

• Which filter seems to be the more sensitive to observations noise ?


• Modify the parameters specific of the Kalman filters:

= P0 =

�
�2
AGI 0
0 �2

UU

�
with AGI(0) � N (µAGI , �AGI) UP(0) � N (µUP , �UP)

<latexit sha1_base64="xazB400WFw/VR4qOsbsNlHESoTk="></latexit>
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=
1
dt
W with z = UP + �, � � N (0,W1/2)

<latexit sha1_base64="lRNNXxeIkymnJ6IaZXamIZMZdJY="></latexit>

= P0 =

�

�
�2ka 0 0
0 �2ke 0
0 0 �2V0

�

�
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ILLUSTRATIVE EXAMPLE: COVID CRISIS
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• We take into account two data series : 

• Daily incident number of hospitalized

• Hospitalization number
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• The SEIRAH model: An extended Susceptible-Exposed-Infectious-Recovered 
(SEIR) model

97

* Fixed with the literature 
** Computed using the correlation between the data
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Parameter Interpretation Value

b Transmission rate of ascertained cases Region Specific - Estimated
rE Ascertainment rate 0.844

⇤

rI Non hospitalized rate 0.966
⇤

↵ Ratio of transmission between A and I 0.55
⇤

DE Latent (incubation) period (days) 5.1
⇤

DI Infectious period (days) 5
⇤

DQ Duration from I onset to H (days) 11-DE = 5.9
⇤

DH Hospitalization period (days) 18.3
⇤⇤

N Population size Region Specific
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İ =
rE

DE

E � 1� rI

DQ

I � rI

DI

I,
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Effective reproductive number / Attack rates
• To compute the effective reproductive ratio, we apply the Next Generation Matrix 

approach :                                                                         

 

By replacing , we obtain:  

.

Reff(t) = b(t)
S(t)
N (Diα(1 − re) +

DiDqre

(1 − ri)Di + riDq ) .

1 − rE ∼
A

A + I

Reff = b
S
N (α

A
A + I

DI +
DQDII

(A + I )((1 − rI)DI + rIDQ) )

98

• The proportion of infected individuals - also called attack rates - among the 
population in each region at a given date is given by:


 .
E + I + R + A + H

N
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Transmission rate
• We assume that non-pharmaceutical intervention (NPI) reduces the transmission b. 
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• The transmission  is region specific and has randoms effects.b = b(1 − V/N )

• Use sequential methods to inform the parametric shape of the effect of NPI.
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Non-Pharmaceutical interventions (NPIs)

100
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IPTCC (Bukhari et al. 2020)
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Vaccination and Variants of concern

102

Proportion of individuals who received 

At least one dose of vaccine (V) - data.gouv

Proportion of VOC in French population

from flash seroprevalence studies
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i) A population criterion
• Population approach: compensate the lack of data by an available population 


• A population made of groups indexed by i 

• Criterion:  

103

Mixed-effect approach: pooling all 
the patients together and estimating 
a global distribution of the model 
parameters in the population.
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Classical Maximum Likelihood Estimation strategy with Gaussian disturbances
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Mixed-effect approach: pooling all 
the patients together and estimating 
a global distribution of the model 
parameters in the population.
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ii) Unscented Kalman Filter 
• Here we consider an Unscented Kalman Filter.

• The non linear operators are replaced by finite difference approximations based on 

sampling points.

• Sampling points can be seen as well-chosen “interpolation points”  which 

propagate the mean and covariance of a random variable 

104

Time: tn

Generate p particles around the mean 
value using the covariance reduced to 

parametric space

Apply the stabilized model to this 
particle to compute one time step

Compute the discrepancy w.r.t the 
observations for each particle

Gather the errors the parameter 
sensitivity hence the feedback 

correction

Prediction

Innovation

Correction

 S. Julier, J. Uhlmann and H. Durrant-Whyte, A 
new approach for filtering nonlinear systems, in 
American Control Conference (1995).

θ2

θ1
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• Missing step: define the initial reduced covariance matrix  and the initial extension 
matrix  from the initial covariance matrix.


• Our strategy is based on a clustering approach applied to the observations 
sequence using the k-means algorithm: 

105

Means clustering with 
24 clusters on H/Npop 
for 94 departments
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• “State” variable for the dynamics with a Backward-Euler time scheme by regions 
without the S variables  

106

as the shape of b 
is undetermined

• b(t) can be modeled by a logistic function during the first lockdown for example

dynamics

Date

Tr
an
sm

is
si
on

• State transformation (“Twisted" UKF)

ψ (x) = logit( E
N ), logit( I

DqN ), logit( R
N ), logit( A

N ), logit( H
N ) .

Wiener process

xi
n+1

bi
n+1

θi
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=
xi

n + Δt f(xi
n, bi

n, θi
n)

bi
n + Δt gi(tn, θi

n)
θi

n

+
05

1
0Np

νn

x = (E, I, R, A, H) ∈ ℝ5

db(t) = g(t) + dν(t)b(t) = G(t) = bM −
(bM − bm)

1 + e− (t − tℓ)
τ

Some details about the estimation
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1.  Estimate the parameter  using the data obtained before the lockdown namely 
when         should be constant.

binit
b

107

b(t) = G(t)

<latexit sha1_base64="WTj9KOmApm5QDrrxj/Bk5nkl/XE="></latexit>
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Estimation transmission rate in 3 steps
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2. Estimate the shape of  without the logistic function prior (i.e. ) but setting  
at the value estimated during Step 1.

b g(t) = 0 binit
db(t) = dν(t)

Kalman filters estimated transmission 
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3. In order to evaluate if these weekly plateaus are just a compensation of our lack of 
prior information about , we propose to fix  as a sum of 7 logistic functionsb g

108

db(t) = g(t) + dν(t)

Population-weighed mean of 
transmission rates

Kalman filters estimated 
transmission 


over time in multiple regions

Estimation transmission rate in 3 steps
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Kalman filters estimated 
transmission 


over time in multiple regions

Effects of NPIs
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Basic reproductive number 
3.10 [2.95; 3.26]

May 11, 2020 
National French - 5.7%

October 5, 2020 
National French - 8.8%

March 28, 2021 
National French - 25.3%

Attack rates & reproductive number
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ILLUSTRATIVE EXAMPLE: SPHEROIDS ELECTROPORATION
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Concept of electroporation

Cytoplasm

Nucleus

Membrane 
Thickness 5nm

Permitivity 


Capacitance 

Conductance 

h ∼
ε ∼ 4.5ε0

Cm
Sm

Cell  
Radius ~ 5 to 10 m


Intra-cellular conductivity  ~ 0.5 to 1 S.m-1


Intra-cellular conductivity  ~ 1 to 1.5 S.m-1

μ
σc
σe

Cytoplasm

Nucleus
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Concept of electroporation

High voltages pulses (100 < |E| < 3000 V.cm-1) 
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membrane Viable cells

Applications (in oncology): 

• In vitro gene transfection 
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Irreversible electroporation

Very

permeable 

membrane

Cell swelling 

due to osmotic


Imbalance
Necrosis

Very

permeable 

membrane

Disturbed cell

homeostasis Apostosis

Applications: 

• Tumoral ablation

• Cardiac ablationOpen questions:


• Determine the treated zone

• Better understand the impact of reversible electroporation to develop efficient electrochemotherapy 
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Data presentation & Problematic

• Data have been provided by Institut de Pharmacologie et de Biologie Structurale, Toulouse.

• They correspond to volume evolutions of 83 spheroids (cell strain: HCT 116) over 250 h. 

• Measurements are made using optical instruments.

24 spheroids (3 and 24 are excluded)
59 spheroids divided into 4 categories 

depending on the intensity of electrical pulses: 
EF 0, EF 500, EF 1000, EF 2000 (V.cm-1)


(9 will be excluded)

• Can we quantify the effects of electroporation on spheroids considering the intensity of the 
pulses thanks to mathematical modeling?

114



ANNABELLE COLLIN 

Free Growth - General Equations

• System of partial differential equations


• Considering  leads to a Gompertz equation for the volume. 

• The term  can be seen as the lack of oxygen.

τG : t ↦ ae−bt

τPtoQ

∂t P + ∇ ⋅ ( ⃗v P) = τG(t)(P + Q) − τPtoQ(t)P, Ω(t),
∂t Q + ∇ ⋅ ( ⃗v Q) = τPtoQ(t)P, Ω(t) .

Proliferative cells
Quiescent cells  is the velocity⃗v

 
(saturation 
hypothesis)

P + Q = 1, Ω(t)

∇ ⋅ ⃗v = τG(t)(P + Q) .

Proliferative cells
Quiescent cells
Healthy cells

115



ANNABELLE COLLIN 

Electroporation - General Equations

• Impacts of the electrical shock: 

• (1) a part of proliferative and quiescent cells is 

destroyed i.e. ,

• (2) the metabolism of a part of the cells is 

modified i.e. , for 
,


• (3) the value of  appearing in the growth rate 
 increases. We denote by  the 

multiplicative value: .

R(tas) = pR(tbs)

F(tas, x) = λ(P(tas, x) + Q(tas, x))
x ∈ Ω(tas)

a
τG = abe−bt m

anew = ma

Proliferative cells
Quiescent cells
Healthy cells

Cells with a new 
metabolism

Just after the 
shock Re-growth

Death cells

Just before the 
shock

 
(saturation hypothesis)

P + Q + F = 1, Ω(t)

• PDE System


Proliferative cells 



Quiescent cells




Cells with a modified metabolism

 

∂t P + ∇ ⋅ ( ⃗v P) = τG(P + Q) − τPtoQP, Ω(t)

∂t Q + ∇ ⋅ ( ⃗v Q) = τPtoQP, Ω(t)

∂t F + ∇ ⋅ ( ⃗v F) = 0, Ω(t)
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Electroporation - Radial Equations

Proliferative cells
Quiescent cells
Healthy cells

Cells with a new 
metabolism

Just after the 
shock Re-growth

Death cells

Just before the 
shock

A. Collin, H. Bruhier, J. Kolosnjaj, M. Golzio, M.-P. Rols, and C. Poignard. Spatial mechanistic 
modeling for prediction of 3D multicellular spheroids behavior upon exposure to high intensity pulsed 
electric fields. AIMS Bioengineering, 9(2):102–122, 2022.

• 1D PDE System 
∂tP = − τG(r−2I − rI(t,1))∂rP + τG(1 − F)(1 − P) − τPtoQP, [0,tlast] × [0,1]

∂tF = − τG(r−2I − rI(t,1))∂rF − τG(1 − F)F, [0,tlast] × [0,1]

I = ∫
r

0
(1 − F)r2dr [0,tlast] × [0,1]

R′ = RτGI(t,1), [0,tlast]
Q = 1 − (P + F), [0,tlast] × [0,1]

• Parameters to estimate: a, b, p, m, λ

High quiescent proportion of 
cells in the spheroid center  

 

 fixed with the literature

τPtoQ = τb −
τb − τe

1 + e
(R(t)(1 − r) − d)

s

τb, τe, d, s

Observation 
y = R
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Electroporation - State observer

• Luenberger observer system  
∂t

̂P = − τG(r−2 ̂I − r ̂I(t,1))∂r
̂P + τG(1 − ̂F)(1 − ̂P) − ̂τPtoQ

̂P, [0,tlast] × [0,1]

∂t
̂F = − τG(r−2 ̂I − r ̂I(t,1))∂r

̂F − τG(1 − ̂F) ̂F, [0,tlast] × [0,1]

̂I = ∫
r

0
(1 − ̂F)r2dr [0,tlast] × [0,1]

R̂′ = R̂τG ̂I(t,1) − γobs(t)(R̂ − R), [0,tlast]

Q̂ = 1 − ( ̂P + ̂F), [0,tlast] × [0,1]

• Uncertainties reduced to the initial conditions 
R(0) = R0 + ξR, R̂(0) = R0

P(0,r) = P0 + ξP ∈ [0,1] ̂P(0) = P0 ∈ [0,1]

Q(0,r) = 1 − P(0,r) Q̂(0,r) = 1 − ̂P(0,r)
F(0,r) = 0 ̂F(0) = 0

High quiescent proportion of 
cells in the spheroid center  

 

 fixed with the literature

τPtoQ = τb −
τb − τe

1 + e
(R(t)(1 − r) − d)

s

τb, τe, d, s
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Electroporation - State observer

• Luenberger observer system  
∂t

̂P = − τG(r−2 ̂I − r ̂I(t,1))∂r
̂P + τG(1 − ̂F)(1 − ̂P) − ̂τPtoQ

̂P, [0,tlast] × [0,1]

∂t
̂F = − τG(r−2 ̂I − r ̂I(t,1))∂r

̂F − τG(1 − ̂F) ̂F, [0,tlast] × [0,1]

̂I = ∫
r

0
(1 − ̂F)r2dr [0,tlast] × [0,1]

R̂′ = R̂τG ̂I(t,1) − γobs(t)(R̂ − R), [0,tlast]

Q̂ = 1 − ( ̂P + ̂F), [0,tlast] × [0,1]

Proposition - [in a well-posed context]


If , the radius  converges exponentially to 0 when  goes to .


If  and , the norm  converges 

exponentially to 0 when  goes to .


γmin
obs >

mabs

3
t ↦ R̃(t) t +∞

γmin
obs >

mabs

3
+ τe P̃(0,⋅) ∈ Hs(]0,r[) t ↦ ∥P̃(t, ⋅ )∥2

L2(]0,1[)

t +∞

A. Collin. Population-based estimation for PDE systems – Applications in spheroids electroporation. 
Submitted preprint, 2023. 

High quiescent proportion of 
cells in the spheroid center  

 

 fixed with the literature

τPtoQ = τb −
τb − τe

1 + e
(R(t)(1 − r) − d)

s

τb, τe, d, s
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Electroporation - State observer

Figure 2: Time evolutions of proliferative and quiescent cells. Blue curve: target solution
(P,Q), orange curve: freerun solution (P̂ , Q̂ with �obs = 0 s�1) and yellow dashed curve:
observer solution (P̂ , Q̂ with �obs = 0.01 + 0.2(t < 20)). Top: no noise. Bottom: �err = 0.08.

are fixed at: a = 0.03 s�1, b = 0.01 s�1, � = 0.6, p = 0.85, m = 2 and tas = 15 s. Concerning
the observations, we consider the following N

obs time points for the observations:

t
obs = [0, 6, 12, 18, 24, 30, 36, 43, 66, 90, 114, 138, 162, 186, 199] s,

and we denote by Y
R

j
= R(t0(j)) for all j 2 [1, Nobs] the corresponding observations. To

deal with the time sampling of the data, we can think of two strategies: we can either use
the data only when they are available, or we can rely on time interpolation. Here, we choose
to interpolate.

The following gain function is considered: �obs = 0.01 + 0.2(t < 20) s�1. It is classical
to consider a highest gain at the beginning to correct error of initial condition without
integrating the noise too much.

Figure 1-Left shows the time evolution of the radius for the target, the freerun and the
observer models. One can see that the observer solution (yellow dashed curve) converges
in time to the target solution (blue curve). Figure 2-Top shows the time evolution of
proliferative and quiescent cells for the target, the freerun and the observer models. One can
see that the observer solution (yellow dashed curve) converges in time to the target solution
(blue curve). Figure 3-Left shows the evolution of the following errors: |R̃| := |R � R̂|
and kP̃kL2(]0,1[) := kP � P̂kL2(]0,1[).

We then consider additive noise: Y
R

j
= R(t0(j)) + �

R

j
, where �

R

j
⇠ N (0,�2

err
) for all

j 2 [1, Nobs], with �err the standard deviation of the error. We consider �err = 0.08 to see
the ability of our observer to deal with measurement errors. Results are given in Figures 1-
Right, 2-Bottom and 3-Right. One can see that our observer is sensitive to the noise for the
estimation of the radius but the results are still reasonable. The gain function �obs has to
be chosen very carefully to avoid the overfitting.

10

with

Î(t, r) =

Z
r

0
(1� F̂ )r2dr, and T̂O(t, r) = T begin

O
� T begin

O
� T end
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1 + exp
⇣
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The function �obs is the gain function. We assume that the function goes from [0, T ] to
]0,1[ and is bounded i.e. there exists �min

obs , �
max
obs 2]0,1[ such that �min

obs  �obs(t)  �
max
obs ,

for all t 2 [0, T ]. Initial conditions are given by

R̂(0) = R̂0, P̂ (0, r) = P̂0 2 [0, 1], Q̂(0, r) = 1� P̂0, F̂ (0, r) = 0, 8r.

In this part, we only consider uncertainties reduced to the initial condition. The values of the
parameters are fixed to the true values. As previously, we admit that there exists a unique
solution to System 8 and this solution is smooth. One can easily show that Proposition 1-(1)
is still valid for P̂ , Q̂ and F̂ .

Figure 1: Radius evolution. Blue curve: target solution (R) ; blue circles: observations ;
orange curve: freerun solution (R̂ with �obs = 0) and yellow dashed curve: observer solution (R̂
with �obs = 0.01 + 0.2(t < 20)). Left: no noise. Right: �err = 0.08.

Analysis In order to analyze the convergence of the observer we will study the estimation
error defined by R̃ = R� R̂ and P̃ = P � P̂ . One can prove the two following propositions.

Proposition 2. If �
min
obs >

mabs

3 , the radius t 7! R̃(t) converges exponentially to 0 when t

goes to +1.

Proposition 3. If �
min
obs >

mabs

3 +T end

O
and P̃ (0, ·) 2 H

s(]0, r[), the norm t 7! kP̃ (t, ·)k2
L2(]0,1[)

converges exponentially to 0 when t goes to +1.

The proofs of Propositions 2 and 3 are given in Appendix A.2.

Numerical illustrations with synthetic data We illustrate the observer model
by considering for initial conditions:

R(0) = 0.35 mm, R̂0 = 0.5 mm, P (0) = 0.9 and P̂0 = 0.7.

The numerical approximation is obtained using the explicit Euler scheme (tmax = 200 s,�t =
0.2 s) for the time discretization. Concerning the spatial discretization, we will consider for
P and F a finite di↵erence of order 1 with a spatial step of �x = 0.05 meaning that the the
size of the size discretized state equals to N�x = 2⇥ 1

�x

+ 1. The values of the parameters

9

Figure 3: Time evolutions of the errors: |R̃| := |R� R̂| and kP̃kL2(]0,1[) := kP � P̂kL2(]0,1[). Left:
no noise. Right: �err = 0.08.
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Table 1: Values of priors for the 6 scenarios: strong priors (str. pr.), strong priors with state
observer (str. pr. - so), weak priors (w. pr.), weak priors with state observer (w. pr. - so),
weak priors and false initial conditions (w. pr., f. IC), weak priors and false initial conditions
with state observer (w. pr., f. IC - so)

3.3 State and parameter estimation

3.3.1 Numerical illustrations with synthetic data

Synthetic data benchmark In this section, we would like to test the ability of our al-
gorithm to estimate parameters. First, a synthetic data benchmark is considered to validate
our implementation. To do so, we run di↵erent simulation series with di↵erent numbers of
spheroids and with di↵erent measurement errors – i.e. with di↵erent values of the standard
deviation of the additive Gaussian noise always denoted by �err – for 6 scenarios: strong
priors with �obs = 0 (str. pr.), strong priors with �obs > 0 (str. pr. - so), weak priors
with �obs = 0 (w. pr.), weak priors with �obs > 0 (w. pr. - so), weak priors and false
initial conditions with �obs = 0 (w. pr., f. IC), weak priors and false initial conditions
with �obs > 0 (w. pr., f. IC - so). To limit the energy consumption of this validation, we
will focus on estimating only two parameters: b and abs considering the model in the free
growth case, i.e. without electroporation. More precisely, instead of estimating abs, we will
estimate k = abs

b
which is assumed to be fixed in the population when using the reduced

Gompertz model introduced in [27].
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Figure 2: Time evolutions of proliferative and quiescent cells. Blue curve: target solution
(P,Q), orange curve: freerun solution (P̂ , Q̂ with �obs = 0 s�1) and yellow dashed curve:
observer solution (P̂ , Q̂ with �obs = 0.01 + 0.2(t < 20)). Top: no noise. Bottom: �err = 0.08.

are fixed at: a = 0.03 s�1, b = 0.01 s�1, � = 0.6, p = 0.85, m = 2 and tas = 15 s. Concerning
the observations, we consider the following N

obs time points for the observations:

t
obs = [0, 6, 12, 18, 24, 30, 36, 43, 66, 90, 114, 138, 162, 186, 199] s,

and we denote by Y
R

j
= R(t0(j)) for all j 2 [1, Nobs] the corresponding observations. To

deal with the time sampling of the data, we can think of two strategies: we can either use
the data only when they are available, or we can rely on time interpolation. Here, we choose
to interpolate.

The following gain function is considered: �obs = 0.01 + 0.2(t < 20) s�1. It is classical
to consider a highest gain at the beginning to correct error of initial condition without
integrating the noise too much.

Figure 1-Left shows the time evolution of the radius for the target, the freerun and the
observer models. One can see that the observer solution (yellow dashed curve) converges
in time to the target solution (blue curve). Figure 2-Top shows the time evolution of
proliferative and quiescent cells for the target, the freerun and the observer models. One can
see that the observer solution (yellow dashed curve) converges in time to the target solution
(blue curve). Figure 3-Left shows the evolution of the following errors: |R̃| := |R � R̂|
and kP̃kL2(]0,1[) := kP � P̂kL2(]0,1[).

We then consider additive noise: Y
R

j
= R(t0(j)) + �

R

j
, where �

R

j
⇠ N (0,�2

err
) for all

j 2 [1, Nobs], with �err the standard deviation of the error. We consider �err = 0.08 to see
the ability of our observer to deal with measurement errors. Results are given in Figures 1-
Right, 2-Bottom and 3-Right. One can see that our observer is sensitive to the noise for the
estimation of the radius but the results are still reasonable. The gain function �obs has to
be chosen very carefully to avoid the overfitting.
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The function �obs is the gain function. We assume that the function goes from [0, T ] to
]0,1[ and is bounded i.e. there exists �min
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for all t 2 [0, T ]. Initial conditions are given by

R̂(0) = R̂0, P̂ (0, r) = P̂0 2 [0, 1], Q̂(0, r) = 1� P̂0, F̂ (0, r) = 0, 8r.

In this part, we only consider uncertainties reduced to the initial condition. The values of the
parameters are fixed to the true values. As previously, we admit that there exists a unique
solution to System 8 and this solution is smooth. One can easily show that Proposition 1-(1)
is still valid for P̂ , Q̂ and F̂ .

Figure 1: Radius evolution. Blue curve: target solution (R) ; blue circles: observations ;
orange curve: freerun solution (R̂ with �obs = 0) and yellow dashed curve: observer solution (R̂
with �obs = 0.01 + 0.2(t < 20)). Left: no noise. Right: �err = 0.08.

Analysis In order to analyze the convergence of the observer we will study the estimation
error defined by R̃ = R� R̂ and P̃ = P � P̂ . One can prove the two following propositions.
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converges exponentially to 0 when t goes to +1.

The proofs of Propositions 2 and 3 are given in Appendix A.2.

Numerical illustrations with synthetic data We illustrate the observer model
by considering for initial conditions:

R(0) = 0.35 mm, R̂0 = 0.5 mm, P (0) = 0.9 and P̂0 = 0.7.

The numerical approximation is obtained using the explicit Euler scheme (tmax = 200 s,�t =
0.2 s) for the time discretization. Concerning the spatial discretization, we will consider for
P and F a finite di↵erence of order 1 with a spatial step of �x = 0.05 meaning that the the
size of the size discretized state equals to N�x = 2⇥ 1
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Figure 3: Time evolutions of the errors: |R̃| := |R� R̂| and kP̃kL2(]0,1[) := kP � P̂kL2(]0,1[). Left:
no noise. Right: �err = 0.08.
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Table 1: Values of priors for the 6 scenarios: strong priors (str. pr.), strong priors with state
observer (str. pr. - so), weak priors (w. pr.), weak priors with state observer (w. pr. - so),
weak priors and false initial conditions (w. pr., f. IC), weak priors and false initial conditions
with state observer (w. pr., f. IC - so)

3.3 State and parameter estimation

3.3.1 Numerical illustrations with synthetic data

Synthetic data benchmark In this section, we would like to test the ability of our al-
gorithm to estimate parameters. First, a synthetic data benchmark is considered to validate
our implementation. To do so, we run di↵erent simulation series with di↵erent numbers of
spheroids and with di↵erent measurement errors – i.e. with di↵erent values of the standard
deviation of the additive Gaussian noise always denoted by �err – for 6 scenarios: strong
priors with �obs = 0 (str. pr.), strong priors with �obs > 0 (str. pr. - so), weak priors
with �obs = 0 (w. pr.), weak priors with �obs > 0 (w. pr. - so), weak priors and false
initial conditions with �obs = 0 (w. pr., f. IC), weak priors and false initial conditions
with �obs > 0 (w. pr., f. IC - so). To limit the energy consumption of this validation, we
will focus on estimating only two parameters: b and abs considering the model in the free
growth case, i.e. without electroporation. More precisely, instead of estimating abs, we will
estimate k = abs

b
which is assumed to be fixed in the population when using the reduced

Gompertz model introduced in [27].

11

• Synthetic case - State observer - No observation error

• Synthetic case - State observer - Observation error (std = 0.08)
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Electroporation - Joint state and parameter observer

• Synthetic case (only free growth)

• Scenario: weak priors & false initial conditions with state observer Luenberger state observer 

coupled with a Reduced-order 
Unscented Kalman Filter

Generate  particles around the 
mean value using the covariance 

reduced to parametric space

p

Apply the stabilized model to this 
particle to compute one time step

Compute the discrepancy w.r.t 
the observations for each particle

Gather the errors the parameter 
sensitivity hence the feedback 

correction

Prediction

Innovation

Correction

Time tn
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Electroporation - Joint state and parameter observer

• Synthetic case (only free growth)

• Scenario: weak priors & false initial conditions with state observer Luenberger state observer 

coupled with a Reduced-order 
Unscented Kalman Filter

Generate  particles around the 
mean value using the covariance 

reduced to parametric space

p

Apply the stabilized model to this 
particle to compute one time step

Compute the discrepancy w.r.t 
the observations for each particle

Gather the errors the parameter 
sensitivity hence the feedback 

correction

Prediction

Innovation

Correction

Time tn

k =
a
b

Criteria Parameter Value

MEAN (50)  0.00377
BIAS (50) -0.00279
MEAN (50) 0.644
BIAS (50) 0.234

b

b
k
k
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Population Kalman observer

 A. Collin, M. Prague, and P. Moireau. Estimation for dynamical systems using a population-based 
Kalman filter–Applications in computational biology. MathematicS In Action, 2022. 

• Population approach: compensate sparse sampling times and measurement uncertainties 
by constraining the variability of the parameters in the population.


• Classical strategy: mixed effect approach (in this context for a population of 5 spheroids, 
not so small space step, 2 parameters: ~80 minutes in an "equivalent" context).
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Population Kalman observer

 A. Collin, M. Prague, and P. Moireau. Estimation for dynamical systems using a population-based 
Kalman filter–Applications in computational biology. MathematicS In Action, 2022. 

• Population approach: compensate sparse sampling times and measurement uncertainties 
by constraining the variability of the parameters in the population.


• Classical strategy: mixed effect approach (in this context for a population of 5 spheroids, 
not so small space step, 2 parameters: ~80 minutes in an "equivalent" context).

min
ξpop,ξ,ν

JT(ξpop, ξ, ν) =
1
2 [ξpop, M ξpop]

+
Npop

∑
i=1 [1

2 [(ξi − ξpop), ( ̂P0)−1 (ξi − ξpop)] +
1
2 ∫

T

0
[νi(t), (Q(t)i)−1νi(t)] dt +

1
2

NT,obs

∑
k=0

[yi
k − h(zi(tk)), (Wi

k)
−1(yi

k − h(zi(tk))]]

ξ =
ξ1

⋮
ξNpop

·zi = F(t, zi) + Bνi(t)
zi(0) = z i

0 + ξi

• Objective: develop a population Kalman observer inspiring from mixed effect approach.


• A population made of groups indexed by :  


• Corresponds to least-square minimisation when Gaussian laws are considered

i ξi = ξpop + ξ̃i
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Population Kalman observer

• Assuming that  with , one can prove that  
 
 
 
 
 
is equivalent to  
 
 
 
where  is an invertible matrix of dimension  defined by 

                      ,  

with .

ξpop = ∑ αiξi ∑ αi = 1

Ppop
0 Npop × Nz

Ppop
0 = ( 1

N2
pop

⃗1 Npop
⃗1 T
Npop

⊗ M + [INpop
−

1
Npop

⃗1 Npop
⃗1 T
Npop

] ⊗ P−1
0 )

−1

⃗1 Npop
= (1 ⋯ 1)T ∈ ℝNpop

min
ξpop,ξ,ν

JT(ξpop, ξ, ν) =
1
2 [ξpop, M ξpop]

+
Npop

∑
i=1 [1

2 [(ξi − ξpop), ( ̂P0)−1 (ξi − ξpop)] +
1
2 ∫

T

0
[νi(t), (Q(t)i)−1νi(t)] dt +

1
2

NT,obs

∑
k=0

[yi
k − h(zi(tk)), (Wi

k)
−1(yi

k − h(zi(tk))]]

ξ =
ξ1

⋮
ξNpop

⋯

min
ξpop,ξ,ν

JT(ξpop, ξ, ν) = [1
2 [ξ, (Ppop

0 )−1 ξ] +
1
2 ∫

T

0
[ν(t), Q(t)−1ν(t)] dt +

1
2

NT,obs

∑
k=0

[yk − h(z(tk)), (Wk)−1(yk − h(z(tk))]]
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Population Kalman observer
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⃗1 T
Npop

] ⊗ P−1
0 )

−1

⃗1 Npop
= (1 ⋯ 1)T ∈ ℝNpop

min
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+
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∑
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2 [(ξi − ξpop), ( ̂P0)−1 (ξi − ξpop)] +
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2 ∫
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0
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∑
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k − h(zi(tk)), (Wi

k)
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ξ =
ξ1

⋮
ξNpop

⋯

min
ξpop,ξ,ν

JT(ξpop, ξ, ν) = [1
2 [ξ, (Ppop

0 )−1 ξ] +
1
2 ∫

T

0
[ν(t), Q(t)−1ν(t)] dt +

1
2

NT,obs

∑
k=0

[yk − h(z(tk)), (Wk)−1(yk − h(z(tk))]]

• The key of our uncertainty modeling is that  couples the population members since 

                                               .

Ppop
0

(Ppop
0 )−1 ≠

P−1
0

⋱
P−1

0
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Validation on synthetic data3.3. Growth of tumor spheroids subjected to pulsed electric field 99

Spheroid 2

Spheroid 6

Cohort of 10 spheroids

Spheroid 2 Spheroid 2Spheroid 2

Spheroid 6 Spheroid 6Spheroid 6

Figure 3.17 – Time evolution of states and parameters for two spheroids with NS = 10 and �err = 0.08.
The target states and target values of the parameters are shown in blue. The blue points in the graphs
of the radius correspond to the noisy observed data. The states and parameter values with population
estimation are shown in yellow. The dashed lines correspond to the 95% confidence interval. First line,
left: generated data of a cohort of the 10 spheroids. The two selected spheroids are in dark blue. First
line, right: evolution of parameter k (assumed fixed in the cohort). Second (resp. third) line: Spheroid 2
(resp. 6) with time evolution state of radius on the left, proliferative and quiescent cells at a time step in
the middle and parameter b on the right.

the parameters only). One can see that the yellow lines converge to blue lines over time, showing the
ability of our algorithm to estimate well.

Figure 3.18-Left shows the rMSE, the rBIAS, and the COV concatenated for both parameters b and k
and the STD, the ESTD, and the BMIXED for parameter b against the number of spheroids considered NS

for a standard deviation error �err of 0.08 for the 6 scenarios. First, one can see that, as expected, the
results are better when strong priors and true initial conditions are considered. Second, using the state
observer in conjunction with the Kalman observer for the parameters leads to better results when weak
priors are considered and especially when the initial conditions are false. Since Scenario w. pr., f. IC
- so is the most interesting, we will focus on it. Figure 3.18-Right shows the rMSE, the rBIAS, and the
COV concatenated for both parameters b and k and the STD, the ESTD and the BMIXED for parameter b
against the considered errors. As expected, increasing the number of spheroids gives better results and
increasing the errors worsens them, although it can be seen that they are still acceptable.
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Validation on synthetic data

100

Scenario w. pr., f. IC - soError = 0.08

Figure 3.18 – Performances evaluated over 100 replicates for the 6 scenarios when �err = 0.08 (left) and
for Scenario w. pr., f. IC - so (right). First lines: rMSE (log-scale), rBIAS and COV concatenated for both
parameters b and k as a function of either the errors (left) or the number of spheroids (right) considered.
Second line: STD, ESTD and BMIXED for parameter b (k is fixed in the population) as a function of either
the errors (left) or the number of spheroids (right) considered.

Algo �x NS = 1 NS = 5 NS = 10 NS = 20 NS = 40
Algorithm [28] 0.05 0.03 0.3 1 4 12
Algorithm [28] 0.01 x x 3.5 x x
Algorithm [28] 0.001 x x 60 x x

Function nlmefitsa 0.05 x 80 x x x

Table 3.3 – Computation times given in minutes when estimating 2 parameters (b and k) in Scenario
w. pr., f. IC - so. Comparison with the Matlab function nlmefitsa average of computation times for
10 replicates).

• Synthetic case

• 6 scenarios: strong priors (str. pr.), strong priors with state observer (str. pr. - so), weak priors (w. pr.), 

weak priors with state observer (w. pr. - so), weak priors & false initial conditions (w. pr., f. IC), weak 
priors & false initial conditions with state observer (w. pr., f. IC - so) 

leading to
1

2

d

dt
kP̃k2

L2(]0,1[)  �T end

O
kP̃k2

L2(]0,1[) + Ce
�(�min

obs �mabs

3 )t
.

The solution of the ODE y
0 = C1y +C2e

C3t is given by y = Ce
C1t + C2

C3�C1
e
C3t if C3 6= C1.

With C1 = �T end

O
, C2 = C and C3 = mabs

3 � �
min
obs , we have C1 > C3.

kP̃k2
L2(]0,1[)  C(e�T end

O
t + e

�(�min
obs �mabs

3 )t)  Ce
�T end

O
t
.

B Statistical validation criteria

We quickly define the statistical validation criteria used to validate the ability of our
estimator to estimate parameters. For a given parameter ✓, we define by ✓t (respectively,
✓e) the matrix of sizeNR⇥NS that contains in each row r the target (respectively, estimated)
values of ✓ for all patients of replicate r. We calculate the relative bias (rBIAS) and the
relative mean squared error (rMSE)

rBIAS =
1

NRNS

NRX

r=1

NSX

i=1

✓t(r, i)� ✓e(r, i)

|✓t(r, i)|
and rMSE =

1

NRNS

NRX

r=1

NSX

i=1

⇣
✓t(r, i)� ✓e(r, i)

✓t(r, i)

⌘2
.

Using the estimated covariance matrix, we compute �
✓
e
the matrix of size NR ⇥ NS that

contains in each row r the estimated standard deviation of ✓ for all patients of replicate r.
We also compute the mean estimated standard deviation (STD) and the empirical standard
deviation of estimates, defined as the standard deviation of estimates at convergence (ESTD)

STD =
1

NRNS

NRX

r=1

NSX

i=1

�
✓

e
(r, i)

and ESTD =

vuut 1

NRNS

NRX

r=1

NSX

i=1

⇣
✓e(r, i)�

1

NRNS

NRX

n=1

NSX

i=1

✓e(r, i)
⌘2

.

Finally, we can calculate the relative bias of the standard deviation for random e↵ects, called
BMIXED, defined by

BMIXED =
1

NRNS

NRX

r=1

NSX

i=1

⇣
�
✓

e,m
(r, i)� �

✓

t
(r, i)

⌘
,

where �
✓
e,m
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Comparing with existing strategy

• Computational times on synthetic data

• Parameters estimation on real data

•  percent of cells whose the 
metabolism is modified


• p percent of cells whose are 
not destroyed


• m boost of resumption

λ

100

Scenario w. pr., f. IC - soError = 0.08

Figure 3.18 – Performances evaluated over 100 replicates for the 6 scenarios when �err = 0.08 (left) and
for Scenario w. pr., f. IC - so (right). First lines: rMSE (log-scale), rBIAS and COV concatenated for both
parameters b and k as a function of either the errors (left) or the number of spheroids (right) considered.
Second line: STD, ESTD and BMIXED for parameter b (k is fixed in the population) as a function of either
the errors (left) or the number of spheroids (right) considered.

Algo �x NS = 1 NS = 5 NS = 10 NS = 20 NS = 40
Algorithm [28] 0.05 0.03 0.3 1 4 12
Algorithm [28] 0.01 x x 3.5 x x
Algorithm [28] 0.001 x x 60 x x

Function nlmefitsa 0.05 x 80 x x x

Table 3.3 – Computation times given in minutes when estimating 2 parameters (b and k) in Scenario
w. pr., f. IC - so. Comparison with the Matlab function nlmefitsa average of computation times for
10 replicates).3.3. Growth of tumor spheroids subjected to pulsed electric field 95

Case EF500 (12 spheroids) EF1000-B (5 spheroids)
� Function nlmefitsa 0.22 (mean) - 0.092 (std) 0.37 (mean) - 0.012 (std)

Algo [28] 0.37 (mean) - 0.035 (std) 0.36 (mean) - 0.045 (std)
p Function nlmefitsa 0.89 (mean) - 0.014 (std) 0.82 (mean) - 0.086 (std)

Algo [28] 0.90 (mean) - 0.0028 (std) 0.86 (mean) - 0.012 (std)
m Function nlmefitsa 1.11 (mean) - 0.024 (std) 1.40 (mean) - 0.16 (std)

Algo [28] 1.14 (mean) - 0.18 (std) 1.21 (mean) - 0.16 (std)

Case EF1000-A (6 spheroids) EF-2000 (14 spheroids)
� Function nlmefitsa 0.77 (mean) - 0.10 (std) 0.97 (mean) - 0.065 (std)

Algo [28] 0.69 (mean) - 0.04 (std) 0.92 (mean) - 0.0015 (std)
p Function nlmefitsa 0.17 (mean) - 0.010 (std) 0.0016 (mean) - 9⇥10�5 (std)

Algo [28] 0.11 (mean) - 0.015 (std) 0.00097 (mean) - 2.1⇥10�6 (std)
m Function nlmefitsa 5.19 (mean) - 1.02 (std) x

Algo [28] 5.3 (mean) - 0.77 (std) x

Table 3.2 – Mean (mean) and standard deviation (std) of estimated parameters using real data. The
first rows give the results obtained with the NLME algorithm using the Matlab function nlmefitsa and the
second rows the results obtained using the population-based estimation presented in Section 3.3.4.

Results The estimated parameters of cohort EF1000-B are very similar to the parameters of cohort
EF500. The values of � increase with the intensity of the pulse. Concerning the value of p, it is interesting
to note that there is small decrease of the volume for EF500 and EF1000-B while for the group EF1000-A
(resp. EF2000), a decreasing of 75% (resp. almost 100%) is observed. Concerning m, the value increases
with the value of the electrical field. Note that the post-pulse data for EF2000 do not really allow us to
estimate the m parameter, since the data for all spheroids are close to 0. Therefore, this parameter is
not estimated. Figure 3.16 shows the spheroid evolutions with distribution of proliferative cells for the 4
cohorts (column 2 to column 5) compared to the control cohort (column 1).

Discussion The use of a PDE system makes it possible to determine the percentage of cells destroyed
and the percentage of cells whose functioning was altered by the effect of electroporation for each value
of the electrical field. It was seen that at an electrical field close to 1000 V.cm�1 (partially irreversible
electroporation and partially reversible electroporation), the increase of the electrical field seemed to
boost the resumption of spheroid growth. Our results provide good insight into the effects of electropora-
tion on tumor growth. When irreversible electroporation is used in clinics to ablate tumors, the treatment
may induce cell death by irreversible electroporation. This effect is observed in a specific area, namely the
area where the electric field strength is highest – at the optimal location with respect to the electrodes.
The effectiveness of fully irreversible electroporation was well observed in the spheroid group exposed to
2000 V.cm�1. Nevertheless, next to the epicenter of the highest electric field, where the tumor is ablated,
we have zones that underwent milder electric field strengths exposure, and we have the occurrence of
partially irreversible electroporation. Within this shadow zone, not all cells are killed, and the surviv-
ing cells resume growth. This effect was clearly present in the multicellular spheroids exposed to 1000
V.cm�1. Thus, this field amplitude produced two radically different behaviors: either death or growth
boost. We hypothesize that this variable response rate is due to the inhomogeneity of the electric field. If
the spheroid (or tumor) was not reached efficiently, we have a relapse. If the positioning of the spheroid
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Electroporation - Results

EF = 500 V.cm-1

EF = 1000 V.cm-1

(Group B)

EF = 1000 V.cm-1

(Group A)

EF = 2000 V.cm-1

Free growth

Figure 10: Errors kV0 � V obj
0 , k � kobj , b � bobjk2 according to the number of consecutive mea-

surements (x-axis) and to the number of spheroids (y-axis). V obj
0 , kobj and bobj are estimated

using the maximum number of measurements and spheroids (top, right).
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Figure 11: Spheroid evolutions with distribution of proliferative cells. Black (resp white) = 100
(resp. 0) % of proliferative cells. Column 1: free growth, column 2: EF500, column 3: EF1000B
and column 4: EF1000A and column 5: EF2000.

16

Collin, A et al. Spatial mechanistic modeling for prediction of 3D multicellular spheroids behavior upon 
exposure to high intensity pulsed electric fields. Bioengineering 2022.
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(or
tum

or)
is

in
the

center
ofthe

electrodes,the
treatm

ent
is

efficient.
This

is
a

recurrent
problem

even
in

clinics,w
here

physicians
observe

a
differentresponse

rate
–

either
efficienttreatm

entofa
patientw

ith
a

decreased
tum

or
or

a
tum

or
relapse

[SN
dJ

+
14].The

advantage
ofour

m
odelis

thatw
e

can
determ

ine
the

trend
of

tum
or

grow
th

shortly
after

electroporation.
So,

in
practice,

this
m

odelcan
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used
to
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w
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ors
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treated

inefficiently
and
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patientis
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it
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3.3.4
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