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INTRODUCTION




What is an inverse problem? [wiki]

An inverse problem in science is the process of calculating from a set of observations
the causal factors that produced them.
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What is an inverse problem? [wiki]

An inverse problem in science is the process of calculating from a set of observations
the causal factors that produced them.

The resolution of the inverse problem passes through an initial stage of modeling of the
phenomenon, known as direct problem.
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What is an inverse problem? [wiki]

An inverse problem in science is the process of calculating from a set of observations
the causal factors that produced them.

The resolution of the inverse problem passes through an initial stage of modeling of the
phenomenon, known as direct problem.
Then the approach consists in approximating as well as possible the parameters, the

initial conditions, the geometry etc... which make it possible to account for these
measurements.

INVERSE PROBLEM

Predict Tomorrow
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u(r) = Au, 6,1) (u,,0,), a priori
3 u(0) = u, +¢*
6(0) =6, + ? (&", £%), unknown parts
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Model

State u

(ODE or PDE unknown)
Parameters
Uncertainties on the
parameters,

on the initial condition ...
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() = A, 0,1
u(0) = u, + ¢

00) =0, +°

(u,,0,), a priori

(&*, %), unknown parts
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Model

State u

(ODE or PDE unknown)
Parameters
Uncertainties on the
parameters,

on the initial condition ...
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() = A, 0,1

u,,0,), apriori
u(0) = u, + " (u,,0,),ap

6(0) =6, + ? (&, &%), unknown parts

Observations 7

Data

Partial in time/space
Noisy

Comparison with the
state of the model can
be difficult

universite
“BORDEAUX

ANNABELLE COLLIN



Model

State u

(ODE or PDE unknown)
Parameters
Uncertainties on the
parameters,

on the initial condition ...
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Cu(d) = A, 0, 1)
u(0) = u, + ¢
6(0) =6, + ? (&", £%), unknown parts

Observations 7

Find { which minimizes the discrepancy*

7 — C(l/_tlé)

(where C is the observation operator)

(u,,0,), a priori

under the constraint of the model dynamics
i (1) =A@, 0, + %, 1)

,(0) = u, + "
with ¢ = (¢% ).

Data

Partial in time/space
Noisy

Comparison with the
state of the model can
be difficult

*Can be implicit

universite
“BORDEAUX

ANNABELLE COLLIN



Model

State u

(ODE or PDE unknown)
Parameters
Uncertainties on the
parameters,

on the initial condition ...

 Rarely explicit solution

Cu(d) = A, 0, 1)
u(0) = u, + ¢
6(0) =6, + ? (&", £%), unknown parts

Observations 7

Find { which minimizes the discrepancy*

7 — C(l/_tlé)

(where C is the observation operator)

(u,,0,), a priori

under the constraint of the model dynamics

i (1) = A , 0, + <)
,(0) = u, + "
with ¢ = (£% "),

Data

Partial in time/space
Noisy

Comparison with the
state of the model can
be difficult

*Can be implicit

* Inverse problems are typically ill-posed, as opposed to the well-posed problems usually met in

mathematical modeling
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Inverse problems are typically ill-posed. Why?

What is a well-posed problem? Jacques Hadamard gave the following definition of a
well-posed problem in mathematical physics: Existence and Uniqueness of a solution &
Continuous dependence of this solution on the data.
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Inverse problems are typically ill-posed. Why?

What is a well-posed problem? Jacques Hadamard gave the following definition of a
well-posed problem in mathematical physics: Existence and Uniqueness of a solution &
Continuous dependence of this solution on the data.

Two kinds of identifiability issues:
Theoretical identifiability - The task of uniqueness is crucial in parameter (or initial
condition or ...) identification, since it is essential that the given data are sufficient
for determining the searched for parameter (or initial condition or ...) uniquely.
Needs a mathematical formalism ; Leads to prove injection of function
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Inverse problems are typically ill-posed. Why?

What is a well-posed problem? Jacques Hadamard gave the following definition of a
well-posed problem in mathematical physics: Existence and Uniqueness of a solution &
Continuous dependence of this solution on the data.

Two kinds of identifiability issues:
Theoretical identifiability - The task of uniqueness is crucial in parameter (or initial
condition or ...) identification, since it is essential that the given data are sufficient
for determining the searched for parameter (or initial condition or ...) uniquely.
Needs a mathematical formalism ; Leads to prove injection of function

One variable?
All the variables?

, , More complex observation ...
Observation domain
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Inverse problems are typically ill-posed. Why?

What is a well-posed problem? Jacques Hadamard gave the following definition of a
well-posed problem in mathematical physics: Existence and Uniqueness of a solution &
Continuous dependence of this solution on the data.

Two kinds of identifiability issues:
Theoretical identifiability - The task of uniqueness is crucial in parameter (or initial
condition or ...) identification, since it is essential that the given data are sufficient
for determining the searched for parameter (or initial condition or ...) uniquely.
Needs a mathematical formalism ; Leads to prove injection of function

One variable?
All the variables?

, , More complex observation ...
Observation domain

Practical identifiability - Stability is even mostly violated in inverse problems, so
especially also for parameter identification: indeed, small perturbations in the data
can lead to large deviations in the solution. 1
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Few examples: dynamical processes

ONCOLOGY

t1 = 65 days

to = 184 days
Brain Metastasis Evolution®
Growth under treatment

t3 = 275 days
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3D spheroids exposed to high
intensity pulsed electric fields™

* Brain MRI, HM Hospitales, Spain.
** Fluorescence, IPBS, Univ. Toulouse, France.

** Carto® data, Liryc IHU, Bordeaux, France.
*** SI-VIC database https://www.data.gouv.fr/, France.
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EPIDEMIOLOGY
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Starting points

MATHEMATICAL MODEL AVAILABLE
Modeling OBSERVATION
Partial in time/space

Noisy

Mathematical
study of the
solution of the
model (existence
and uniqueness)

Approximation of the
solution using a numerical
scheme (in case of non

explicit solution)

Brain Metastasis Evolution
Growth under treatment
Brain MRI, HM Hospitales, Spain. |
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Starting points

MATHEMATICAL MODEL AVAILABLE
Modeling | OBSERVATION
NVERSE Partial in time/space

PROBLEMS

Mathematical
study of the
solution of the
model (existence
and uniqueness)

Knowing what we want to
estimate (parameters ;
Initial condition ; boundary

condition?)

Approximation of the
solution using a numerical
scheme (in case of non

explicit solution)

Brain Metastasis Evolution
Growth under treatment
Brain MRI, HM Hospitales, Spain. |
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Course Map

1. MATHEMATICAL FORMALISM

2. VARIATIONAL STRATEGIES: ITERATIVE PROCEDURES

3. SEQUENTIAL STRATEGIES: KALMAN AND LUENBERGER (NUDGING) FILTERS

4. ILLUSTRATIVE EXAMPLES
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MATHEMATICAL FORMALISM

11



Back to general cases

u(r) = Au, 6,1) (u,,0,), a priori
3 u(0) = u, +¢*
6(0) =6, + ? (&", £%), unknown parts
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Back to general cases

Model it) = Aw, 0,1) (u,,8,), a priori

State u u(0) = u, +¢*

(ODE or PDE unknown) 0(0) =0, + ¢? (&*, %), unknown parts
Parameters -

Uncertainties on the

parameters,

on the initial condition ...
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Back to general cases

4 . — A
Model 0 _ (v e’ut) (4, 0,,), a priori Data
State u u(0) = u, +¢ 9 Partial in time/space
(ODE or PDE unknown) 0(0) = 0, + ¢° (", "), unknown parts Noisy
Parameters N Comparison with the

Uncertainties on the state of the model can
parameters, Observations 7 be difficult

on the initial condition ...
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Back to general cases

Model

State u

(ODE or PDE unknown)
Parameters
Uncertainties on the
parameters,

on the initial condition ...
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Cu(d) = A, 0, 1)
u(0) = u, + ¢
6(0) =6, + ? (&", £%), unknown parts

Observations 7

Find { which minimizes the discrepancy*

7 — C(l/_tlé)

(where C is the observation operator)

(u,,0,), a priori

under the constraint of the model dynamics
i (1) =A@, 0, + %, 1)

,(0) = u, + "
with ¢ = (¢% ).

Data

Partial in time/space
Noisy

Comparison with the
state of the model can
be difficult

*Can be implicit
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Back to general cases

4 . — A
Model 0 _ (v e’ut) (4, 0,,), a priori Data
State u u(0) = u, +¢ 9 Partial in time/space
(ODE or PDE unknown) 0(0) = 0, + ¢° (", "), unknown parts Noisy
Parameters N Comparison with the

Uncertainties on the state of the model can
parameters, Observations 7 be difficult

on the initial condition ...

Find { which minimizes the discrepancy* *Can be implicit

(where C is the observation operator)

under the constraint of the model dynamics

i (1) = A , 0, + <)
,(0) = u, + "
with ¢ = (£% "),

 Rarely explicit solution
* Inverse problems are typically ill-posed, as opposed to the well-posed problems usually met in

mathematical modeling
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Maximum likelihood estimation

Find  which minimizes the discrepancy*

Z— C(L_t|5)

(where C is the observation operator)

under the constraint of the model dynamics
iy (1) = Ay, 0, + ¢, 1)

I/_tlg(()) — I/l<> + é:u
with ¢ = (£% ¢").
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Maximum likelihood estimation

Find  which minimizes the discrepancy*

Z— C(L_t|5)

(where C is the observation operator)

under the constraint of the model dynamics
iy (1) = Ay, 0, + ¢, 1)

I/_tlg(()) — I/l<> + é:u
with ¢ = (£% ¢").

Equivalent to estimate: max P(¢|z)
¢
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Maximum likelihood estimation

Find  which minimizes the discrepancy*

Z— C(’“_‘IC)

(where C is the observation operator)

under the constraint of the model dynamics
iy (1) = Ay, 0, + ¢, 1)

L_tlg(()) — I/l<> + é:u
with ¢ = (£% ¢").

Equivalent to estimate: max P(¢|z)
¢

Using Bayes theorem, we obtain:

max P({|z) = maX [f(zlé)ﬁ = max |f(z| {) P(0)]
¢ P(2) ¢
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Maximum likelihood estimation

Finite dimension

Find  which minimizes the discrepancy* P()? For example if ¢ ~ A(0,P,)
<= C(L_ik)

P, Covariance matrix
(where C is the observation operator)

Can be known or can be estimated
under the constraint of the model dynamics

i (1) = A , 0, + %, 1)
L_tlg(()) = U, + Z:u
with ¢ = (£°, £").

Equivalent to estimate: max P(¢|z)
¢

Using Bayes theorem, we obtain:

max P(|2) = max [f(z 1) ——| = m?X IO P

|P()
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Maximum likelihood estimation

Finite dimension

Find  which minimizes the discrepancy* P()? For example if ¢ ~ A(0,P,)

<= C(L_i| ) : :
¢ P, Covariance matrix
(where C is the observation operator) Can be known or can be estimated

. . 1 _
under the c.onstralnt of the mod? dynamics P() = ) 1 LTy
a'c(t) = A(ﬁk’ 0,4+ C",1) (27)= det(P,)2

L_tlg(()) — I/l<> + é:u
with ¢ = (£% ¢").

Equivalent to estimate: max P(¢|z)
¢

Using Bayes theorem, we obtain:

max P(|2) = max [f(z 1) ——| = m?X IO P

|P()
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Maximum likelihood estimation

Finite dimension

Find  which minimizes the discrepancy* P()? For example if ¢ ~ A(0,P,)
<= C(L_i| ) : :
¢ P, Covariance matrix
(where C is the observation operator) Can be known or can be estimated

' ' 1 _
under the c.onstralnt of the mod? dynamics P() = ) 1 LTy
alc(t) = A(b_‘lg 0,4+, 1) (27) det(Py)?
b_‘|5(0) =u, + ¢" f@|{)?  Forexampleif z=C(i,)+¢
with ¢ = (&9, ¢9). With & ~ A4(0,W)

W Covariance matrix
Can be known or can be estimated

Equivalent to estimate: max P(¢|z)
¢

Using Bayes theorem, we obtain:

maxl]j’(é’lz) max [f(zIC) IP()) =m§lX IO P
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Maximum likelihood estimation

Finite dimension

Find  which minimizes the discrepancy* P()? For example if ¢ ~ A(0,P,)
<= C(L_i| ) : :
¢ P, Covariance matrix
(where C is the observation operator) Can be known or can be estimated

' ' 1 _
under the c.onstralnt of the mod? dynamics P() = ) 1 LTy
alc(t) = A(b_‘lg 0,4+, 1) (27) det(Py)?
b_‘|5(0) =u, + ¢" f@|{)?  Forexampleif z=C(i,)+¢
with ¢ = (&9, ¢9). With & ~ A4(0,W)

W Covariance matrix
Can be known or can be estimated

o~ @ Ca) W z—C(i,)

Equivalent to estimate: max P({|z) fz&) = (27) N det(W)l
T 2

e
Using Bayes theorem, we obtain:

maxl]j’(é’lz) max [f(zIC) IP()) =m§lX IO P

BBBBBBBB Enseirh_
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Maximum likelihood estimation

We want to maximize: m?x IO PE)

Finite dimension
P()? For example if ¢ ~ A(0,P,)

P, Covariance matrix
Can be known or can be estimated

e _CTP()_lé.:

P() = ~ 1
27)* det(Py)?

fz|8) ! Forexampleif z=C(i,)+e
With & ~ A/(0,W)

W Covariance matrix
Can be known or can be estimated

o~ (= Ca) W (z=C(@y)

1
fZ| ) = ——— 1
2r) 72" det(W)z
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Maximum likelihood estimation

We want to maximize: m?x IO PE)

Finite dimension
P()? For example if ¢ ~ A(0,P,)

P, Covariance matrix
Can be known or can be estimated

e _CTP()_lé.:

P() = ~ 1
27)* det(Py)?

fz|8) ! Forexampleif z=C(i,)+e
With & ~ A/(0,W)

W Covariance matrix
Can be known or can be estimated

o~ (= Ca) W (z=C(@y)

1
fZ| ) = ——— 1
2r) 72" det(W)z

Log-likelihood
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Maximum likelihood estimation

We want to maximize: m?x IO PE)

Finite dimension
P()? For example if ¢ ~ A(0,P,)

P, Covariance matrix
Can be known or can be estimated

e _CTP()_lé.:

P() = ~ 1
27)* det(Py)?

fz|8) ! Forexampleif z=C(i,)+e
With & ~ A/(0,W)

W Covariance matrix
Can be known or can be estimated

o~ (= Ca) W (z=C(@y)

1
fZ| ) = ——— 1
2r) 72" det(W)z

Log-likelihood
max f@ IO P
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Maximum likelihood estimation

We want to maximize: m?x IO PE)

Finite dimension

P()? For example if ¢ ~ A(0,P,)
P, Covariance matrix
Can be known or can be estimated
P() = _ : oS5
(2n)2 det(Py)2
f@|{)?  Forexampleif z=C(i,)+ ¢

With & ~ #/(0,W)

W Covariance matrix
Can be known or can be estimated

fz|{) = : e_(Z‘C(f‘C))TW_I(Z—C(ﬁg))
NO S
Qr) 2" det(W)z

Log-likelihood
max f@ IO P

Equivalent to

méin |—log(f(z]£)) — log(P())]
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Maximum likelihood estimation

We want to maximize: m?X IO PE)

Finite dimension

P()? For example if ¢ ~ A(0,P,)
P, Covariance matrix
Can be known or can be estimated
P() = _ : oS5
(2n)2 det(Py)2
f@|{)?  Forexampleif z=C(i,)+ ¢

With & ~ #/(0,W)

W Covariance matrix
Can be known or can be estimated

o~ (= Ca) W (z=C(@y)

1
fZ| ) = ——— 1
Q2r) 3 det(W)2

Log-likelihood
max f@ IO P

Equivalent to

méin |—log(f(z]£)) — log(P())]

We then obtain:
min [~log(f(z] £)) ~ log(P(©))] =

m(:in [Z_,’ Py + (@ — Cla)'w'(z - C(b_ig))]
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Maximum likelihood estimation

We want to maximize: m?X IO PE)

Finite dimension

P()? For example if ¢ ~ A(0,P,)
P, Covariance matrix
Can be known or can be estimated
P() = _ : oS5
(2n)2 det(Py)2
f@|{)?  Forexampleif z=C(i,)+ ¢

With & ~ #/(0,W)

W Covariance matrix
Can be known or can be estimated

o~ (= Ca) W (z=C(@y)

1
fZ| ) = ——— 1
Q2r) 3 det(W)2

Log-likelihood
max f@ IO P

Equivalent to

méin |—log(f(z]£)) — log(P())]

We then obtain:

min [~log(f(z] £)) ~ log(P(©))] =

min [ngo—lg +Ez — C(@,))"'W(z - C(ﬁga]

Least squares
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Maximum likelihood estimation

Minimize the criterion (for example maximum likelihood estimation with Gaussian law)
with respect to the uncertainties under the constraint of the model dynamics

min #({) = min
¢ ¢
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1 2
Sl +

2

1[T
0

Iz = CG I, dt

S.t

I;_tlg(t) = A(ﬁlc’ 1)
ﬂ|§(0) =u,+¢
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Maximum likelihood estimation

Minimize the criterion (for example maximum likelihood estimation with Gaussian law)
with respect to the uncertainties under the constraint of the model dynamics

| s (T i, (1) = A .1
min £() = min _Enz:upoﬁg[o SRCCRTRY] IEUE PP

Least squares
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Maximum likelihood estimation

Minimize the criterion (for example maximum likelihood estimation with Gaussian law)
with respect to the uncertainties under the constraint of the model dynamics

. I ) (17 M i (1) = A@y 1)
min = min ||— M= z— C(u _at s.t
in 70 = min | 5 | 1= €@ I () et
' J L ¢
Tikhonov regularization Least squares
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Maximum likelihood estimation

Minimize the criterion (for example maximum likelihood estimation with Gaussian law)
with respect to the uncertainties under the constraint of the model dynamics

. I ) (17 M i (1) = A@y 1)
min = min ||— M= z— C(u _at s.t
in 70 = min | 5 | 1= €@ I () et
' J L ¢
Tikhonov regularization Least squares

How do we do this in practice? As we do every time we want to find a minimum ...
(1) Does it exist?

(2) Is it unique?

(3) Can we know it explicitly?

(4) How can we approximate it? ...

Major particularity: the constraints of the dynamics!
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Toy model

Pharmacokinetics one-compartment model with first-order absorption and elimination

AGI =~ kaAGI A Dose in Gastro-intestinal compartment (mg)
. ka Up Concentration Plasma compartment (mg/L)
VO ., Drug absorption rate (1/h)
k, Drug elimination rate (1/h)

V, Volume of distribution (L)
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Toy model

Pharmacokinetics one-compartment model with first-order absorption and elimination

AGI =~ kaAGI A Dose in Gastro-intestinal compartment (mg)
. ka Up Concentration Plasma compartment (mg/L)
VO ., Drug absorption rate (1/h)
k, Drug elimination rate (1/h)

V, Volume of distribution (L)

This model is linear and can be rewritten k
Agr

o) [0 ) () .
UP 76:) _ke) UP lke
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Toy model

Pharmacokinetics one-compartment model with first-order absorption and elimination

AGI =~ kaAGI A Dose in Gastro-intestinal compartment (mg)
. ka Up Concentration Plasma compartment (mg/L)
VO ., Drug absorption rate (1/h)
k, Drug elimination rate (1/h)

V, Volume of distribution (L)

This model is linear and can be rewritten k
Agr | . ¢ <AGI>
UP \ 76:? _ke UP lke

M

A -

Then the unique solution is given by
<Aez> _ o (AGAO)) _p- <ek 0 >P (AG,«))),
Up Up(0) 0 e*t) \UpO)
where P depends on k, k,and V, and concatenates the eigenvectors associated to

the two eigenvalues -k, and -k,.
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Toy model

- Pharmacokinetics one-compartment model with first-order absorption and elimination
AGI - kaAGI A Dose in Gastro-intestinal compartment (mg)

Up Concentration Plasma compartment (mg/L)

k, Drug absorption rate (1/h)

k, Drug elimination rate (1/h)

V, Volume of distribution (L)

: k
Up=—A.;— kU
Py Ao Ur

- Observations z = Up

U, Concentration of Theophylline (mg/L)
(o]

Time (hours)
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Toy model

- Freerun obtained with priors values
- Target obtained with random values following the Gaussian laws
- QObservations obtained by adding noise and considering only few times

AGI AGI AGI
300 1 el U0 Generate different values of parameters and
different initial conditions with
- i 200 200 k 7
200 \ ke — el\(), s.t ke ~ ,/l/.('[,[k(, er)
— Y 7
100 - 100 |\ 100 Vo= e, stV ~ Hpy, o)
\ \ Agr(0) ~ '/V(,MAG[a GAGI)
O-I T T O-I T T O-I\ T T UP(O)N/V(MUP’GUP)
0 10 20 0 10 20 0 10 20
UP
8- 10.0 -
6 - We build noisy and time-sampled
7.9 observations of synthetic
patients.
4 - 5.0 -
- freerun
21— target 2.5
04¢ ® obs 0.0 -
0 10 20
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Toy model

functions.py

ard

seript_targat_PK py

caramstTilcname ‘Farans/parans_"k_synthotic_

(parans lilenane)

par goml . i1[f, Lsaderwyanl
IC lrewry Npearray lualipar | 101 § ’
theta_fre~run mn.array( [t tioar['priar_ka
[t_Treerun,u_fresrun forwardipar,IC_freerun
IC np. .rendn par|'N_ jects']),2
IC[:,0] it(par('prior_AGZ'1) itipar('std_g
IC|:.1) (carl'pricr UP |]+floallipar]'sid
Lhela Ds . randni par ['N sub ecls
thetal:,: ripar rior_ka' lpa
thelal:,] (par [ 'crior ke' sllpa
thetal:, tipar or_va' tipar,

(», par[*N_subjacts )

t,ul ilpar, ICLL  thetals,:])

noiss np. 4 L np. ,'"'Z"L 1

u_obs np.intcrpinp. (parl'tinc_okts

plt plat(2, (parl'N_sunjed 1), i

plt It freerun,u eerunlg,

plt. (v, uln,

plt.titled *ACL")

plt.subplat(?, (parl'N_sunjed 1), i

plt.: {(t_frearum,u_freerunll,:

plt. (¢, ull,: ), Label="target

plt. INp.ar parl*tine_obs'l),u_oks

plet.title('UP")

(1==0]
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Explicit

Ni i
t

(parl‘prior UR*]}]) u no.
atipar['prior_xe']l), par(‘p r_t
reerun ul:,0]

neta_rt

1

<t

{

s pr
pri

rior_AGI*|)

'~

_noisc'1)enoiscla,:

Subjects

models. oy

PE

ode Liu, L, Lhela

Mode1l at ¥V = PiModel (u,t,theta)
ka thetal[d]
netalll

ke
\"'d

|8

thetal2)

xplka)=ulB] , np.exp(

Kal/np.ex

"mar " rhatals
tpar,IC, theta):

Euler

['t1ne {p
tipar|'tine_sinu' |

- =
Simu” ) )/

qel 1l Nit ) e

1

tiparl'dt'])

(V) =u 3. plke)xull1].

15 . €2

ar['d

'1))-1
,Nit)

evalipar['model'] + "(ul:,i-1],t[i-1],theta)")

params_PK_syn:nhetic_datayam

0,005

)
* yE
e |
r 3.2

ANNABELLE COLLIN



Toy model

forward{par,TC,theta]:

seript_targat_PK

i Explicit Euler

LR L)

caramstTilcname ‘Farans/parans_"K_synthotic_data.yanl" NP nt{flaat{parl'tine_simu*])/Moat{par[*dt*]))-1
(parans I ilenans) : -

X s T t no. linspace( 6, floatiparl 'tine_simu"] ) ,Nit]
> e | - ’ " . '! ..

IC Treerun Npearray lualipar[‘prior AGI')), (parl'prior UP*])]) u no.zerosi(IC., ;Nit))

theta_fre~run mp.array([floatipar['priar_ka‘]), flaatipar['prior_xe']), fla par(‘prior_Ye'
[t_Treerun,u Fegrun f jMpar,IC_freerun,tnet Treerun - 0 T
_*reg 1 J 3 ) C_freerur a_tree ul:,e] IC
I( np [ (par|['N_ jects']),2
r : R e wE — - g " ANy Al § ! s
Icl:,0] it(oarl'pricr_AGZ'1)f loatipar( 'std_prior AGI*']I=IC[z,2l 1 el NIt
ICL:.1] sL{carl'pricr UP'|]+floalipar]'std oricr UP'))=ICL:.1]) ul:,1] 1[2,i-1] + float(par|'dt'])=evallpar['mocdel"'] + "(ul:,i-1),t[i-1],theta)")
Lhela 0. « randni {par ['N sub ecls')),3) < PK synthetic d
theta(:,2] tipar rior_ka' t(parl'sto_prior_ka' theeal: , 4] params_PK_synthetic_data.yam
thelal:,) {par grivr ke' sllpar ['std prior ke thetal:,1]
thetal:, t(par ar_vi (pa to_prior_ thetal:, 2] « P.00c
(», par[*N_subjacts )
t,ul ilpar, ICIL ,theta s, )
5
noiss wp 3 1, np lpar]'Cime OLs - 5
r )\ >

u_obs np.intcpinp.a viparl'tinc_obs' i, t, uil,:z1) at{parl'stc_nolsc'1)#noiscld,: Code dispo Sur : J:

Q.4
plt. [ (7, (parl'N_sunjects']), i -
plt. (t_freerun,u freerun(d,: demande ! ‘ I 6.4
plt.elatit, uln, t: 0.4
plt.titlef ‘ASL")
plt.subplat(?, (parl'N_sunjects']), i t(par('N_subjecta']))
plt.clotit_freerun,u_freerunll,: + 170
plt. (¢, ull,: ), Label="target 0
plt.clotinp.arrayi(par(*tine_obs'l),u_oks iy f
plt.title( 'UP") -
R : 0.1

models. oy

PE_modeliu, L, Lhela

Mode1l at ¥V = PiModel (u,t,theta)
ka therta[d]
ke thetalll
\"o thetal2)

xplka)=uld], p.explkal)/np.ex (VA)=u 8] -np.explke)xu[1].
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Toy model

What do we want to estimate? 0 = [Up, A2, k,, k,, V)] .
Are they all identifiable? A1 = — K Ag
Observations: z = U, < a
The exact solution writes: Up= 701401 —kUp
ALk ALk,
Up(t,0) = | Up+—— | e7her - ——ZL0__phar
VO(ka _ ke) VO(ka _ ke)
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Toy model

What do we want to estimate? 0 = [Up, A2, k,, k,, V)]

-

Are they all identifiable? Agr = — kAqr
Observations: z = Up 1 - ;
The exact solution writes: Up = VOAGI —kUp

ALk ASk
Up(t,0) = <U,9 + >e—’<e'f G p-kat

Vo(k, — k,)  Volk, — k)

The injectivity of the function leads to
R = &%(0,T),R)
Y 60t~ U1, 0)
leads to
(Up)' = (Up)
(AcD'ks  _ (Ag)’ks
VikE = kD V3(kZ = k2)

And robustness to measurements errors?
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VARIATIONAL STRATEGIES

FORMALISM

ADJOINT STATE METHOD

GRADIENT DESCENT-LIKE METHODS
SIMPLEX METHOD

STOCHASTIC METHODS

Toy MODEL

21



VARIATIONAL STRATEGIES

FORMALISM

22



Variational approach

Minimize the criterion (for example maximum likelihood estimation with Gaussian
law) with respect to the uncertainties under the constraint of the model dynamics

1[T i) (1) = Ay, 1)

. |1 _ _
mCm F(() = méln 5“5”1200—1 + 5 0 |z — C(uk“)”%”‘l dt| s.t ﬂ|§(0) L+l ¢ = (o)

2=C)+e, &~ NOW)
&~ N(0.Py)
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Variational approach

Minimize the criterion (for example maximum likelihood estimation with Gaussian
law) with respect to the uncertainties under the constraint of the model dynamics

L+ L[ B O
min £({) = min | — +—[ z—C@, |5, dt] s.t _ = (& Cg
: ¢ : > Cpol ) ) |/ hw-1 M|§(O)=M<>+C X
z=C@y ) +e e~ NOW)
é, ~ '/V(OaPO)
T?rg?fet system 4 Target parameters
Limit system |dentified parameters
Iteration n [teration n
Iteration O
Iteration O
> >
t

BBBBBBBB
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Variational approach

Minimize the criterion (for example maximum likelihood estimation with Gaussian
law) with respect to the uncertainties under the constraint of the model dynamics

min #({) = min
¢ ¢

- . 4 BORDEAUX Enseirh_
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2

1[T
0

Iz = CG I, dt

S.t

I;_tlg(t) = A(ﬁlc’ 1)
ﬂ|§(0) =u,+¢
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Variational approach

Minimize the criterion (for example maximum likelihood estimation with Gaussian
law) with respect to the uncertainties under the constraint of the model dynamics

1[T i) (1) = Ay, 1)

1
min =min |=||{|l5., + = = C(y )| dt 1
C Z() in | 4y 2 ) lz = €@ Ol S i) (0) = u, +¢

If there exists a unique minimizer, the condition which characterizes it is :

n

1 1
4.7 (OS) = 5 (6 PdC) = 5 Y (%= G W™ Cud,ii(dE) ) = 0.

k=0
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Variational approach

Minimize the criterion (for example maximum likelihood estimation with Gaussian
law) with respect to the uncertainties under the constraint of the model dynamics

1[T i) (1) = Ay, 1)

1
min =min |=||{|l5., + = = C(y )| dt 1
i Z() in | 4y 2], lz = €@ Ol S i) (0) = u, +¢

If there exists a unique minimizer, the condition which characterizes it is :

n

1 1
4.7 (OS) = 5 (6 PdC) = 5 Y (%= G W™ Cud,ii(dE) ) = 0.

k=0

First strategy: compute the gradient of a functional with the Fréchet derivatives (the
Jacobian matrix), which can be very expensive (and difficult) to compute.
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Variational approach

Minimize the criterion (for example maximum likelihood estimation with Gaussian
law) with respect to the uncertainties under the constraint of the model dynamics

1[T i) (1) = Ay, 1)

1
min =min |=||{|l5., + = = C(y )| dt 1
i Z() in | 4y 2], lz = €@ Ol S i) (0) = u, +¢

If there exists a unique minimizer, the condition which characterizes it is :

n

1 1
4.7 (OS) = 5 (6 PdC) = 5 Y (%= G W™ Cud,ii(dE) ) = 0.

k=0

The adjoint state method is a numerical method for efficiently computing the
gradient of a function or operator in a numerical optimization problem.
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VARIATIONAL STRATEGIES

ADJOINT STATE METHOD
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Adjoint state method

Minimize the criterion (for example maximum likelihood estimation with Gaussian
law) with respect to the uncertainties under the constraint of the model dynamics

1[T i) (1) = Ay, 1)

1
min =min |=||{|l5., + = = C(y )| dt 1
C Z() in | 4y 2 ) lz = €@ Ol S i) (0) = u, +¢

A and C are supposed to be linear
We consider a time discretization (just to simplify the presentation!)

_ _ d 7, (NdS) = (¢ PldS) = Y (2 — Gy, W' G, (d)
{ Uy = App1 |kl ’ < )

k=0
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Adjoint state method

Minimize the criterion (for example maximum likelihood estimation with Gaussian
law) with respect to the uncertainties under the constraint of the model dynamics

. NN R M i (1) = A@y 1)
min 70 = min | Sl +3 | o= C@ | s =t

A and C are supposed to be linear
We consider a time discretization (just to simplify the presentation!)

_ _ d 7, (NdS) = (¢ PldS) = Y (2 — Gy, W' G, (d)
Uy = App1 |kl " k=o< )

For a trajectory (i1,), we define (q,),
the associated adjoint variable

G = Al = W™ (g = G,
9n+1 = 0.
We obtain that £ = mCin F(&) =Py, .
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Adjoint state method

- Minimize the criterion (for example maximum likelihood estimation with Gaussian
law) with respect to the uncertainties under the constraint of the model dynamics

T ’;_‘lé(t) = A(ﬂlg’ 1)

Lo, 1
- —min |—||C||2_, + — — C(ity )||?,, dt 1
e 7 2 Iz, 2 [O Iz = € Dl S i) (0) = uty + ¢

- A and C are supposed to be linear

- We consider a time discretization (just to simplify the presentation!)
1 u u
ey = Agsy il 4.7 (O)d) = (¢, Pyde) - Z(zk Cufty. W' G (d0))
L_t() = U, + C . = (. Pylde) - Z <CTW (2 = Cyity), dguk(d§)>
For a trajectory (it,), we define (q;); = (¢.p;ldc) +2( (@1 = AL i) D))
the associated adjoint variable
J = (¢ P3ldg) — Z <qk dguk(dé)> + Z <Ak+1|qu+1 dcﬂk(d§)>
Ty—1 ~
dk — Al Ger1 = G W (5 — Giy),
kLl k = (¢, Pylde) — Z<CI dguk(dé)> <‘Ik+1aAk+1|kdgﬁk(dC)>
qn+1 — O k=0
= (¢ P3ldg) - Z( A d0)) + Z (Gt et (@)

We obtain that { = min #({) = Pyq -
¢ = (&.P;dg) - (qo, dyi(dC)) + (qnﬂ,dgum(dc))

_ 1
Chavent, G., 1974. Identification of function parameters in partial differential equations, in = (¢, Py d¢) = (4o d¢)
Identification of parameter distributed systems, eds Goodson, R.E. & Polis, New-York, ASME 1974.
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Adjoint state method

And in practice?

We proof that £ = m(:in F(&) = Py,.

{L_‘k+1 = Ak+1%’zk’ {Qk Alyindin = GW™ (g~

IZO — u<> ql’l+1 — O.
Algorithm
Initialization Loop until convergence
-0 -0
ey = A1 il — cTw-! T4
u,=1u,.
0 © An+1 = 0.
[ -p+1 _ p+1
< U1 = Ay 1|k,
—p+l _
Lug = u, + Pyq; -

nnnnnnnn EﬂSBII‘h'
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Adjoint state method

Can be extended in non-linear case

Initialization Loop until convergence
-0 -0
i, . =A i), _ _
{ Ay i~ A, = @)W = G,
l/to = o An+1 = 0.
rb—tp+1 — A (L—tp+1)
k+1 k1[N /s
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VARIATIONAL STRATEGIES

GRADIENT DESCENT-LIKE METHODS

30



Gradient Descent Method

Gradient descent is based on the observation that if the multi-variable function F'is
defined and differentiable in a neighborhood of a point a, then I decreases fastest if
one goes from a in the direction of the negative gradient of F'at a: —V F(a).
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Gradient Descent Method

Gradient descent is based on the observation that if the multi-variable function F'is
defined and differentiable in a neighborhood of a point a, then I decreases fastest if
one goes from a in the direction of the negative gradient of F'at a: —V F(a).

Algorithm:
Let {, a guess for a local minimum of F, ¢ a tolerance threshold and y a step size

1. Computation of VF((})
2.1f ||VF()| < e:stop

Else: {1 =, —yVF(,)
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Gradient Descent Method

Gradient descent is based on the observation that if the multi-variable function F'is
defined and differentiable in a neighborhood of a point a, then I decreases fastest if
one goes from a in the direction of the negative gradient of F'at a: —V F(a).

Algorithm:
Let {, a guess for a local minimum of F, ¢ a tolerance threshold and y a step size

1. Computation of VF(({})
2. 1f |VF(G)Il < e: stop

Else: {1 =, —yVF(,)

Note that the value of the step size is allowed to change at every iteration.
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Gradient Descent Method

Gradient descent is based on the observation that if the multi-variable function F'is
defined and differentiable in a neighborhood of a point a, then I decreases fastest if
one goes from a in the direction of the negative gradient of F at a: — V F(a).

Algorithm:
Let {, a guess for a local minimum of F, ¢ a tolerance threshold and y a step size

1. Computation of VF(({})
2.1f ||VF($)|| < e:stop

Else: {1 =, —yVF(,)

Note that the value of the step size is allowed to change at every iteration.

Convergence -

With certain assumptions on the function I and particular choices of y (e.g., chosen
either via a line search that satisfies the Wolfe conditions, or the Barzilai-Borwein
method), convergence to a local minimum can be guaranteed.

When the function F is convex, all local minima are also global minima, so in this case
gradient descent can converge to the global solution.
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Gradient Descent Method

We would like to minimize the following functional

e i () = A, 1)
— C(u Ldt] s.tos

| -, S

min #({) = min
¢ ¢
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Gradient Descent Method

We would like to minimize the following functional
e i () = A, 1)

— C(u _dt ) S
[O lz = C@ )3 dt| s § O =+

min #({) = min
¢ ¢

We recall that we have

4T O = = Y, (5= G W d,Cu@)(do) )

k=0

- . 4 BORDEAUX Enseirh_

— &tw/— INP Matmeca
universite

“BORDEAUX 32 ANNABELLE COLLIN




Gradient Descent Method

We would like to minimize the following functional
e i () = A, 1)

— C(u _dt ) S
[O lz = C@ )3 dt| s § O =+

min #({) = min
¢ ¢

We recall that we have

4T O = = Y, (5= G W d,Cu@)(do) )

k=0

As seen before this gradient can be very difficult to compute it in practice, then we
can apply the algorithm on an approximation of the gradient using for example
finite difference methods.
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Gauss-Newton Method

The Gauss—Newton algorithm is used to solve non-linear least squares problems. It
Is a modification of Newton's method for finding a minimum of a function. Unlike
Newton's method, the Gauss-Newton algorithm can only be used to minimize a
sum of squared function values.

Simplified notation

F(§) = @z~ fCN'W 'z - f({))
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Gauss-Newton Method

The Gauss—Newton algorithm is used to solve non-linear least squares problems. It
Is a modification of Newton's method for finding a minimum of a function. Unlike
Newton's method, the Gauss-Newton algorithm can only be used to minimize a
sum of squared function values.

Simplified notation

F(§) = @z~ fCN'W 'z - f({))

The function evaluated with perturbed model parameters may be locally
approximated through a first-order Taylor series expansion

J(€+dl) = f(Q) +df(O)dl) = f(§) +Jd
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Gauss-Newton Method

The Gauss—Newton algorithm is used to solve non-linear least squares problems. It
Is a modification of Newton's method for finding a minimum of a function. Unlike
Newton's method, the Gauss-Newton algorithm can only be used to minimize a
sum of squared function values.

Simplified notation

F(§) = @z~ fCN'W 'z - f({))

The function evaluated with perturbed model parameters may be locally
approximated through a first-order Taylor series expansion

J(€+dl) = f(Q) +df(O)dl) = f(§) +Jd

Substituting the approximation

F({+dE) = "Wz + IO W) + dl T T'W=JdE — 2(z — A(0)' W=Jd¢ — 2" W)

BBBBBBBB
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Gauss-Newton Method

The Gauss—Newton algorithm is used to solve non-linear least squares problems. It
Is a modification of Newton's method for finding a minimum of a function. Unlike
Newton's method, the Gauss-Newton algorithm can only be used to minimize a
sum of squared function values.

Simplified notation

F(§) = @z~ fCN'W 'z - f({))

The function evaluated with perturbed model parameters may be locally
approximated through a first-order Taylor series expansion

J(€+dl) = f(Q) +df(O)dl) = f(§) +Jd

Substituting the approximation
F(C+d0) = "Wz + f(OTW () + dT TTW=JdE = 2(z — f(O))'WJdE = 22" Wf(0)

The parameter update d( that minimizes F'is found from d - F = 0
04 F(C+dE) = 2d" T"W=1T = 2(z — ()Wl
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Gauss-Newton Method

The Gauss—Newton algorithm is used to solve non-linear least squares problems. It
Is a modification of Newton's method for finding a minimum of a function. Unlike
Newton's method, the Gauss-Newton algorithm can only be used to minimize a
sum of squared function values.

Simplified notation

F(§) = @z~ fCN'W 'z - f({))

The function evaluated with perturbed model parameters may be locally
approximated through a first-order Taylor series expansion

J(E+dl) = f(C) +df(E)dS) = f(§) +Jdl
Substituting the approximation
F(C+d0) = "Wz + f(OWI(Q) + dT T WJdE = 2(z = f(O)'WJdE — 22" W)
The parameter update d( that minimizes F'is found from d - F = 0
04 F(C+dE) = 2d"T"WT = 2(z — f(O)' W™l
The resulting normal equations for the Gauss-Newton update are

[TW=JT1dE = TW™(z ~ f(0))
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Gauss-Newton Method

Simplified notation

F(§) = @z~ f)' Wz = f({))

-~ P 4 BORDEAUX Enseirh_
 lrrzéa— INP matmecs

universite
“BORDEAUX 34 ANNABELLE COLLIN




Gauss-Newton Method

Simplified notation

F(§) = @z~ f)' Wz = f({))

Algorithm:
Cre1 = Gt WL Iw iz = ()
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Gauss-Newton Method

Simplified notation

F(§) = @z~ f)' Wz = f({))

Algorithm:
Cre1 = Gt WL Iw iz = ()

Convergence is not guaranteed, not even local convergence as in Newton's method,
or convergence under the usual Wolfe conditions.

The rate of convergence of the Gauss—Newton algorithm can approach quadratic.
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Gauss-Newton Method

Simplified notation

F(§) = @z~ f)' Wz = f({))

Algorithm:
et = G+ W UW 1z = A(©))

Convergence is not guaranteed, not even local convergence as in Newton's method,
or convergence under the usual Wolfe conditions.
The rate of convergence of the Gauss—Newton algorithm can approach quadratic.

We would like to minimize the following functional

(T - w | i_‘lg(t) = A(ﬁlc’ r)
- 7] -1 l St

"0 |z (M|§)||W I/_t|é(0) —u +¢

min #({) = min
¢ ¢

As seen before it can be very difficult to compute J in practice, then we can apply the
algorithm on an approximation of J using for example finite difference methods.
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Levenberg-Marquardt algorithm

The Levenberg-Marquardt algorithm combines two numerical minimization
algorithms: the gradient descent method and the Gauss-Newton method.

Levenberg, Kenneth (1944). A Method for the Solution of Certain Non-Linear Problems in Least Squares. Quarterly of Applied Mathematics. 2 (2):
| 64—168. doi:10.1090/qam/10666.
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Levenberg-Marquardt algorithm

The Levenberg-Marquardt algorithm combines two numerical minimization
algorithms: the gradient descent method and the Gauss-Newton method.

Instead of considering (Gauss-Newton update)

W= d = TW™(z = f(£)),

we consider

W= +yI1d = IW™ (2 = (D))

where small values of the damping parameter y result in a Gauss-Newton update
and large values of y result in a gradient descent update.

Levenberg, Kenneth (1944). A Method for the Solution of Certain Non-Linear Problems in Least Squares. Quarterly of Applied Mathematics. 2 (2):
| 64—168. doi:10.1090/qam/10666.
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Levenberg-Marquardt algorithm

The Levenberg-Marquardt algorithm combines two numerical minimization
algorithms: the gradient descent method and the Gauss-Newton method.

Instead of considering (Gauss-Newton update)

IW=JT1dE = TW=(z ~ fO)),

we consider

W= +yI1d = TW™ ' (z = f(D))

where small values of the damping parameter y result in a Gauss-Newton update
and large values of y result in a gradient descent update.

The damping parameter v is initialized to be large so that first updates are small
steps in the steepest-descent direction.

If any iteration happens to result in a worse approximation F( + dl) > F(), then y
IS InCreased.

Otherwise, as the solution improves, v is decreased, the Levenberg-Marquardt

method approaches the Gauss-Newton method, and the solution typically
accelerates to the local minimum.

Levenberg, Kenneth (1944). A Method for the Solution of Certain Non-Linear Problems in Least Squares. Quarterly of Applied Mathematics. 2 (2):
| 64—168. doi:10.1090/qam/10666.

o . 4 BORDEAUX Enseirh_
 lrzzéa— INP mstmecs

D e 35 ANNABELLE COLLIN




Levenberg-Marquardt algorithm

The Levenberg-Marquardt algorithm combines two numerical minimization
algorithms: the gradient descent method and the Gauss-Newton method.

Levenberg, Kenneth (1944). A Method for the Solution of Certain Non-Linear Problems in Least Squares. Quarterly of Applied Mathematics. 2 (2):
| 64—168. doi:10.1090/qam/10666.
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Levenberg-Marquardt algorithm

The Levenberg-Marquardt algorithm combines two numerical minimization
algorithms: the gradient descent method and the Gauss-Newton method.

Instead of considering (Gauss-Newton update)

W= d = TW™(z = f(£)),

we consider

W= +yI1d = IW™ (2 = (D))

where small values of the damping parameter y result in a Gauss-Newton update
and large values of y result in a gradient descent update.

Levenberg, Kenneth (1944). A Method for the Solution of Certain Non-Linear Problems in Least Squares. Quarterly of Applied Mathematics. 2 (2):
| 64—168. doi:10.1090/qam/10666.
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Levenberg-Marquardt algorithm

The Levenberg-Marquardt algorithm combines two numerical minimization
algorithms: the gradient descent method and the Gauss-Newton method.

Instead of considering (Gauss-Newton update)

IW=JT1dE = TW=(z ~ fO)),

we consider

W= +yI1d = TW™ ' (z = f(D))

where small values of the damping parameter y result in a Gauss-Newton update
and large values of y result in a gradient descent update.

The damping parameter v is initialized to be large so that first updates are small
steps in the steepest-descent direction.

If any iteration happens to result in a worse approximation F( + dl) > F(), then y
IS InCreased.

Otherwise, as the solution improves, v is decreased, the Levenberg-Marquardt

method approaches the Gauss-Newton method, and the solution typically
accelerates to the local minimum.

Levenberg, Kenneth (1944). A Method for the Solution of Certain Non-Linear Problems in Least Squares. Quarterly of Applied Mathematics. 2 (2):
| 64—168. doi:10.1090/qam/10666.
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Trust-Region methods

Trust-region methods define a region around the current iterate within which they trust
the model to be an adequate representation of the objective function, and then choose
the step to be the approximate minimizer of the model in this region.
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Trust-Region methods

Trust-region methods define a region around the current iterate within which they trust
the model to be an adequate representation of the objective function, and then choose
the step to be the approximate minimizer of the model in this region.

Line-search method
Algorithm

1. Compute a descent direction
prof Flin g,
2. Choose 7, to 'loosely’
minimize
F(& + aypy)
3. Update (i, | = (. + oy py
4. Until |[VF(C)I| < e

Easy to implement
Weak convergence results
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Trust-Region methods

Trust-region methods define a region around the current iterate within which they trust
the model to be an adequate representation of the objective function, and then choose
the step to be the approximate minimizer of the model in this region.

Line-search method Trust region method
Algorithm
1. Compute a descent direction
prof Flin g,
2. Choose 7, to 'loosely’
minimize
F( + o py)
3. Update (i, | = (. + oy py
4. Until |[VF(C)I| < e

Easy to implement
Weak convergence results
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Trust-Region methods

Trust-region methods define a region around the current iterate within which they trust
the model to be an adequate representation of the objective function, and then choose
the step to be the approximate minimizer of the model in this region.

] ] g = V(&)
Line-search method Trust region method M, = Vf(C,)
Algorithm Algorithm
1;;%?;;1?2{(16806”’( direction 1. Define a model W, of F'in {,: W, (s) = ngTS + %STMkS
2. Choose 7, to 'loosely’ acceptable in a neighboring {£ € RY, ||£|| < A, } leading to
minimize (Problem 1) min W,(s).

F(Ck + akpk) lIsll<A

3.Update §,, | = &, + o py,
4. Until |[VF()| < ¢

Easy to implement
Weak convergence results
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Trust-Region methods

Trust-region methods define a region around the current iterate within which they trust
the model to be an adequate representation of the objective function, and then choose

the step to be the approximate minimizer of the model in this region.

Line-search method

Algorithm
1. Compute a descent direction

prof Flin g,
2. Choose 7, to 'loosely’
minimize

F(Cy + opy)

3. Update ;.| = {, + oy,
4. Until |[VF()| < ¢

Easy to implement
Weak convergence results
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. g = V(&)
Trust region method

Algorithm
1
1. Define a model W, of F'in {,: W, (s) = ngTS + ESTMkS

My = V(&)

acceptable in a neighboring {£ € RY, ||£]| £ A,} leading to

(Problem 1) min W,(s).
lIsl| <A

F(C)—F(, +s
2. a. Solve (Problem 1): 5, and compute p, = — ) (6 + 50)

i(si)
b. If p, is too small (p, < @,), back to 1.a. after reducing
the value of A, € [t (||s||, 7ol s¢ I

3. Update Ck+1 = Ck + Sk and Ak+1 & {

4.Until [VEG)| < e

(224 Al if pp < @y
[A,, 734, ], else.
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Trust-Region methods

Trust-region methods define a region around the current iterate within which they trust
the model to be an adequate representation of the objective function, and then choose

the step to be the approximate minimizer of the model in this region.

Line-search method

Algorithm
1. Compute a descent direction

prof Flin g,
2. Choose 7, to 'loosely’
minimize

F(Cy + opy)
3. Update (i, | = (. + oy py
4. Until ||VF(E)I|| < e

Easy to implement
Weak convergence results
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. g = V(&)
Trust region method

Algorithm
1
1. Define a model W, of F'in {,: W, (s) = ngTS + ESTMkS

My = V(&)

acceptable in a neighboring {£ € RY, ||£]| £ A,} leading to

(Problem 1) min W,(s).
Iell=2s F(&) — F(& + 53)

i(si)
b. If p, is too small (p, < @,), back to 1.a. after reducing
the value of A, € [t (||s||, 7ol s¢ I

3. Update Ck+1 = Ck + Sk and Ak+1 & {

4.Until [VEG)| < e

2. a. Solve (Problem 1): 5, and compute p, = —

(224 Al if pp < @y
[A,, 734, ], else.

Difficult to implement
Strong convergence results
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Trust Region Reflective method

- Objective: minimization subject to upper and/or lower bounds

On the convergence of interior-reflective Newton methods for nonlinear minimization subject to bounds. Thomas F. Coleman and Yuying Li.
Mathematical Programming 67 (1994) 189-224.
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Trust Region Reflective method

- Objective: minimization subject to upper and/or lower bounds

- ldea: Use a local transformation. Not so easy if we want a quadratic method.

On the convergence of interior-reflective Newton methods for nonlinear minimization subject to bounds. Thomas F. Coleman and Yuying Li.
Mathematical Programming 67 (1994) 189-224.
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Trust Region Reflective method

Objective: minimization subject to upper and/or lower bounds
|ldea: Use a local transformation. Not so easy if we want a quadratic method.

Modification of the algorithm: g = VA&
Algorithm My = V2f(&) + G

| | - 1 - C, = D 'diag(g,) VJ D!
1. Define a model W, of F'in {;: W (s) = Vg, s+ > M,s

acceptable in a neighboring {£ € RY, ||£]| < A,} leading to

(Problem 1) min W,(s).
sl <A

F(C) — F(, + )

Fi(si)
b. If p; is too small (p;,, < w,), back to 1.a. after reducing
the value of A, € 1z(||si ||, 7ol sl

3.Update {i, =+ s,and Ay, | € {

4. Until ||[VF()| < e

On the convergence of interior-reflective Newton methods for nonlinear minimization subject to bounds. Thomas F. Coleman and Yuying Li.
Mathematical Programming 67 (1994) 189-224.
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2. a. Solve (Problem 1): 5, and computep, = —

(28 Al if p < 0,
[A,, 737, ], else.
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VARIATIONAL STRATEGIES

SIMPLEX METHOD

39



Nelder-Mead method

It is a direct search method (based on function comparison) and is often applied to
nonlinear optimization problems for which derivatives may not be known.

The method uses the concept of a simplex, which is a special polytope of N+1
vertices in N dimensions. Examples of simplices include a line segment in 1D
space, a triangle in 2D space, a tetrahedron in 3D space and so forth.
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Nelder-Mead method

It is a direct search method (based on function comparison) and is often applied to
nonlinear optimization problems for which derivatives may not be known.

The method uses the concept of a simplex, which is a special polytope of N+1
vertices in N dimensions. Examples of simplices include a line segment in 1D
space, a triangle in 2D space, a tetrahedron in 3D space and so forth.
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Nelder-Mead method

Algorithm -
Current test points: order according to the values at the vertices

1. Compute the centroid of all points except
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Nelder-Mead method

Algorithm -
Current test points: order according to the values at the vertices

1. Compute the centroid of all points except

2. Reflection - Compute reflected point {. = {y + a({y — 1) With a > 0. If the reflected point is
better than the second worst, but not better than the best, i.e. f({;) < f({,.) < f({y) then obtain a

new simplex by replacing the worst point ¢y, ; and go to 1.
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Nelder-Mead method

Algorithm -
Current test points: order according to the values at the vertices

1. Compute the centroid of all points except

2. Reflection - Compute reflected point {. = {y + a({y — 1) With a > 0. If the reflected point is
better than the second worst, but not better than the best, i.e. f({;) < f({,.) < f({y) then obtain a

new simplex by replacing the worst point CN+1 and go to 1.
3. Expansion - If the reflected point is the best point so far f({;) > f({,) then compute the

expanded point {, = {y + y({, — ) with y > 1.
If the expanded point is better than the reflected point, f({,) < f({,) then obtain a new simplex by

replacing the worst point CN+1 with the expanded point {, and go to 1.

else obtain a new simplex by replacing the worst point CN+1 with the reflexed point £, and go to 1.
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Nelder-Mead method

Algorithm -
Current test points: order according to the values at the vertices

1. Compute the centroid of all points except

2. Reflection - Compute reflected point {, = {y + a(Cy — Cy1) With a > 0. If the reflected point is
better than the second worst, but not better than the best, i.e. f({;) < f({,.) < f({y) then obtain a

new simplex by replacing the worst point CN+1 and go to 1.
3. Expansion - If the reflected point is the best point so far f({;) > f({,) then compute the

expanded point §, = {, + y({, — {,) withy > 1.
If the expanded point is better than the reflected point, f({,) < f({,) then obtain a new simplex by
replacing the worst point CN+1 with the expanded point {, and go to 1.

else obtain a new simplex by replacing the worst point CN+1 with the reflexed point £, and go to 1.

4. Contraction - If f(.) > f(Cy), compute contracted point {. = {, + p({yy — &) With
0 < p < 0.5. If the contracted point is better than the worst point, i.e. f({.) < f({y,1), then obtain

a new simplex ¢, with the reflexed point {. and go to 1.
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Nelder-Mead method

Algorithm -
Current test points: order according to the values at the vertices

1. Compute the centroid of all points except

2. Reflection - Compute reflected point {, = {y + a(Cy — Cy1) With a > 0. If the reflected point is
better than the second worst, but not better than the best, i.e. f({;) < f({,.) < f({y) then obtain a

new simplex by replacing the worst point CN+1 and go to 1.
3. Expansion - If the reflected point is the best point so far f({;) > f({,) then compute the

expanded point §, = {, + y({, — {,) withy > 1.
If the expanded point is better than the reflected point, f({,) < f({,) then obtain a new simplex by
replacing the worst point CN+1 with the expanded point {, and go to 1.

else obtain a new simplex by replacing the worst point (:N+1 with the reflexed point £, and go to 1.

4. Contraction - If f(.) > f(Cy), compute contracted point {. = {, + p({yy — &) With

0 < p < 0.5. If the contracted point is better than the worst point, i.e. f({.) < f({y,1), then obtain
a new simplex ¢, with the reflexed point {. and go to 1.

5. Shrink - Replace all points except the best {; with {; = {; + 6({; — {;) and go to step 1.
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Nelder-Mead method

Simulated annealing searching for a maximum. The objective here is to get to the highest point. In this
example, it is not enough to use a simple hill climb algorithm, as there are many local maxima.

6 —— | |

T N
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Nelder-Mead method

Simulated annealing searching for a maximum. The objective here is to get to the highest point. In this
example, it is not enough to use a simple hill climb algorithm, as there are many local maxima.

6 —— | |

T N
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VARIATIONAL STRATEGIES

STOCHASTIC METHODS

43



Stochastic optimization

Stochastic optimization (SO) methods are optimization methods that generate and
use random variables. As seen before, the random variables appear in the
formulation of the optimization problem itself. Stochastic optimization methods
generalize deterministic methods for deterministic problems.
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Stochastic optimization

Stochastic optimization (SO) methods are optimization methods that generate and
use random variables. As seen before, the random variables appear in the
formulation of the optimization problem itself. Stochastic optimization methods
generalize deterministic methods for deterministic problems.

Can be used to control experimental (random) error in the measurements of the
criterion. In such cases, knowledge that the function values are contaminated by
random "noise" leads naturally to algorithms that use statistical inference tools to
estimate the "true" values of the function and/or make statistically optimal decisions
about the next steps. Methods of this class include:

stochastic approximation (SA), by Robbins and Monro (1951)

stochastic gradient descent

finite-difference SA by Kiefer and Wolfowitz (1952)

simultaneous perturbation SA by Spall (1992)

scenario optimization
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Stochastic optimization

On the other hand, even when the data set consists of precise measurements,
some methods introduce randomness into the search-process to: accelerate
progress, to make the method less sensitive to modeling errors or to escape a local
optimum and eventually to approach a global optimum.

Stochastic optimization methods of this kind include:
- Simulated annealing by S. Kirkpatrick, C. D. Gelatt and M. P. Vecchi (1983)
Quantum annealing
Probability Collectives by D.H. Wolpert, S.R. Bieniawski and D.G. Rajnarayan (2011)
Reactive search optimization (RSO) by Roberto Battiti, G. Tecchiolli (1994)
Cross-entropy method by Rubinstein and Kroese (2004)
Random search by Anatoly Zhigljavsky (1991)
Informational search
Stochastic tunneling
Parallel tempering a.k.a. replica exchange
Stochastic hill climbing
Swarm algorithms
Evolutionary algorithms
Genetic algorithms by Holland (1975)
Evolution strategies
Cascade object optimization & modification algorithm (2016)
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Stochastic optimization - Simulated annealing

Simulated annealing (SA) is a probabilistic technique for approximating the global
optimum of a given function. For problems where finding an approximate global
optimum is more important than finding a precise local optimum in a fixed amount
of time, simulated annealing may be preferable to exact algorithms such as gradient
descent.
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Stochastic optimization - Simulated annealing

Simulated annealing (SA) is a probabilistic technique for approximating the global
optimum of a given function. For problems where finding an approximate global
optimum is more important than finding a precise local optimum in a fixed amount
of time, simulated annealing may be preferable to exact algorithms such as gradient

descent.

The name of the algorithm comes from annealing in metallurgy, a technique
involving heating and controlled cooling of a material to alter its physical properties.
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Stochastic optimization - Simulated annealing

Simulated annealing (SA) is a probabilistic technique for approximating the global
optimum of a given function. For problems where finding an approximate global
optimum is more important than finding a precise local optimum in a fixed amount
of time, simulated annealing may be preferable to exact algorithms such as gradient
descent.

The name of the algorithm comes from annealing in metallurgy, a technique
involving heating and controlled cooling of a material to alter its physical properties.

The problems solved by SA are currently formulated by an objective function of
many variables, subject to several constraints.
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Stochastic optimization - Simulated annealing

Simulated annealing (SA) is a probabilistic technique for approximating the global
optimum of a given function. For problems where finding an approximate global
optimum is more important than finding a precise local optimum in a fixed amount
of time, simulated annealing may be preferable to exact algorithms such as gradient
descent.

The name of the algorithm comes from annealing in metallurgy, a technique
involving heating and controlled cooling of a material to alter its physical properties.

The problems solved by SA are currently formulated by an objective function of
many variables, subject to several constraints.

This notion of slow cooling implemented in the simulated annealing algorithm is
interpreted as a slow decrease in the probability of accepting worse solutions as the
solution space is explored.
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Stochastic optimization - Simulated annealing

Simulated annealing (SA) is a probabilistic technique for approximating the global
optimum of a given function. For problems where finding an approximate global
optimum is more important than finding a precise local optimum in a fixed amount
of time, simulated annealing may be preferable to exact algorithms such as gradient
descent.

The name of the algorithm comes from annealing in metallurgy, a technique
involving heating and controlled cooling of a material to alter its physical properties.

The problems solved by SA are currently formulated by an objective function of
many variables, subject to several constraints.

This notion of slow cooling implemented in the simulated annealing algorithm is
interpreted as a slow decrease in the probability of accepting worse solutions as the
solution space is explored.

The simulation can be performed either by a solution of kinetic equations for density
functions or by using the stochastic sampling method. The method is an adaptation of
the Metropolis—Hastings algorithm, a Monte Carlo method to generate sample states
of a thermodynamic system, published by N. Metropolis et al. in 1953.
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Stochastic optimization - Simulated annealing

The probability of making the transition from the current state { to a candidate new
state (,,,, is specified by an acceptance probability function P(F((), F(C,,,.), T)

that depends on the values of F({) and F(C,,,) but also on a global time-varying
parameter T called the temperature.
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Stochastic optimization - Simulated annealing

The probability of making the transition from the current state { to a candidate new
state (,,,, is specified by an acceptance probability function P(F((), F(C,,,.), T)

that depends on the values of F({) and F(C,,,) but also on a global time-varying
parameter 1" called the temperature.

Let {, be the initial state and k,, . the maximum of steps. In the process:

the call neighbour(s) generate a randomly chosen neighbour(s) of a given state ( ;

the call random(0, 1) pick and return a value in the range [0, 1], uniformly at
random ;

the annealing schedule is defined by the call temperature(r), which should yield

the temperature to use, given the fraction r of the time budget that has been
expended so far.
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Stochastic optimization - Simulated annealing

The probability of making the transition from the current state { to a candidate new
state (,,,, is specified by an acceptance probability function P(F((), F(C,,,.), T)
that depends on the values of F({) and F({

) DUt also on a global time-varying
parameter 1" called the temperature.

Let {, be the initial state and k,, . the maximum of steps. In the process:

the call neighbour(s) generate a randomly chosen neighbour(s) of a given state ( ;

the call random(0, 1) pick and return a value in the range [0, 1], uniformly at
random ;

the annealing schedule is defined by the call temperature(r), which should yield

the temperature to use, given the fraction r of the time budget that has been
expended so far.

Algorithm -
¢ = g()
For k=0:k,,,

T « temperature(1 — (k+ 1)/k, )

Pick a random neighbour, C, .., <= neighbour

It P(F(), F(e)» T) > random(0,1): & < ¢,
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Stochastic optimization - Simulated annealing

Simulated annealing searching for a maximum. The objective here is to get to
the highest point. In this example, it is not enough to use a simple hill climb
algorithm, as there are many local maxima.
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\ L™ !
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5
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v J A/ r A - v
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Stochastic optimization - Simulated annealing

Simulated annealing searching for a maximum. The objective here is to get to
the highest point. In this example, it is not enough to use a simple hill climb
algorithm, as there are many local maxima.
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VARIATIONAL STRATEGIES

Toy MODEL

49



Toy model

- Pharmacokinetics one-compartment model with first-order absorption and elimination
AGI - kaAGI A Dose in Gastro-intestinal compartment (mg)

Up Concentration Plasma compartment (mg/L)

k, Drug absorption rate (1/h)

k, Drug elimination rate (1/h)

V, Volume of distribution (L)

: k
Up=—A.;— kU
Py Ao Ur

- Observations z = Up

U, Concentration of Theophylline (mg/L)
(o]

Time (hours)
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Toy model

What do we want to estimate? 0 = [Up, A2, k. k,» Vo]

a’ 've’ (.
Are they all identifiable? Agr =~ KiAgr
. S . k
Observations: z= Up | Up=—%A. k.U,
The exact solution writes: | Vo
Ak Ak
Up(t,0) = | U+ —— | e7her - ——ZL0__phar
VO(ka _ ke) VO(ka _ ke)
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Toy model

What do we want to estimate? 8 = [UY, A% . k . k Vol

G "ta® "ver (.
Are they all identifiable? Agr =~ KiAgr
o S . k
Observations: z= Up | Up=—%A. k.U,
The exact solution writes: Vo

Ak Ak
Up(t,0) = | Up+—0— | eher - L0 kat
Vo, — k) Vo, — k)

The injectivity of the function leads to
R = &%(0,T),R)
5N 06 (10 Uxt,0))
leads to
(U = (UpY?
AeD'ks  — (Ag)ks
VikE =k V3(kZ — k2)

And robustness to measurements errors?
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Toy model

- Freerun obtained with priors values
- Target obtained with random values following the Gaussian laws
- QObservations obtained by adding noise and considering only few times

AGI AGI AGI
300 A .
300 - U0 Generate different values of parameters
and different initial conditions with
- i 200 200 k 7
200 | k,= e, sk, ~ V(. 0p)
_ .V 7
100 - 100 || 100 - Vo= e, st Vo~ H(uy, oy)
\ \ Agi(0) ~ '/V(,MAG[a GAGI)
O-I T T O-I T T O-I\ T T UP(O)N/V(MUP’GUP)
0 10 20 0 10 20 0 10 20
UP
8- 10.0 -
6 - We Dbuild noisy and time-
7.5 1 sampled observations of
synthetic patients.
4 - 5.0 -
— freerun
21— target 2.5
0 ® obs 0.0 -
0 10 20
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Toy model

funclions.py

idual(estin, par, tarcet)

Difference between target and solutior

N_parans int{len{parl'params'])) models.py
all oarams np. Linspace(6,N params-1,N params)
M_estin_paranms t(len(par(['which_ectin params'])] »
which_esTim_params np.arravi(par['which_esrim_params']) .,
which not estim params np.setdiffic(a’.. params,which estim params) e
theta - np.zeros((N_params,1)) Observation only UP
K in range(f8,N_psTim_params): UL
thetalwhich estim parans([x]] estin(par[‘parems '  [which estim params[k]]]. . . ull,:]
¢ 0, Len(which_not_cstim params)):
theta[ir ich_not_estim params|[j] )] par(['prior_‘+par(‘'parans'] [int(which_not_estim_parans([j])]]

thetal:, 9]

N_IC nt(len(par['1C']))

all_IC np. Linspace(@,N_IC-1,N_IC)

N _estin IC (len(per|'which_estim_IC']))

whicnh_estam_1C p.array(par[‘which_estim_IC"])

which_not_estim_IC np.setdif fld(all_IC,which_estim_IC)

1C np.zeros|(N_IC,1))
kK in range(®,N_estim_IC)
IC[which_estim_IC[k]] estimlpar|['TC'] [which_est in_IC[k]]].
_ e 0, len(which not 2stim IC|
[Clint(which_not_estim_IClj])] par|'prior_‘+par['IC']I
IC[:,0]

[T, u] forward{par,IC,theta)

u_ohs np.intern(np.array(par[‘rime_obs']) ", evalipar['ohservator_mndel']
diffmzan = target

diffnean

- P 4 BORDEAUX Enseirh_
lrrzéa—~ INP mamecs
universijte
“BORDEAUX ANNABELLE COLLIN




Toy model

narams_PK_synthatlc_data.yaml

‘dual annealing’
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Toy model

s/parans_PK =ynthetic_data.yanl'

1 O
(par|'N subjects’
tiparl'pricr_AGI'I)
121
e[ which
| (L]
sor_"+parl
<] £)

cvenberng-Narmus

ireparl

max par|[

I
L3P
Ipar ['parars'|

testim, are~in farmardipar, IC_pat,theta _pat|
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Toy model

- Example with Trust-Region-Reflective algorithm for 3 synthetic patients

acollinBMacEcock-Fro-de-Annabelle-Collir Cooe % oythond ceripr_ectimate_={_with_synthetic_data.py

Tine = &.1145811720000005 s (@] Figure 1

festin ka = 2.507LAY5553214639  comparen o frue Va lue = H.EBTLAET 555301685 X . )
estin ke = =7.183013157730674 compaTes ta true value = —2.1834131571385173 Al Alsl Al
estin YA = 3.65814HE7HDSE73 comparec to true value = 3.GGHICEEZER5LAT3N
ST 300 300 300
Tine = 3.76442£2383300007 =
estin ka = 2.5982094190112034 compsres Lo Lrue value = ©.65982864152112236 200 A 2004 200 1
eslin ke = =2.9435021901377016 cumpsres Lo Lrue value = -2,.06€E522153137761
ectin V8 = Z.2B645669746940056 coOmpares tO true value = 3.BB64E6E574594366
T 1C0O 100 100
Tine = S5 18854775 \
|\.
eatin  ka = BoJ0909990 CONPATAN B true value =  H.BHR/BEB2REJ545/7861 04 0 4
1 L) 1 | ) ) ) 1
estin Ka = —7.7/9/90/93L737H1LL  GOMpATAS T true value = -7 B¥SFE1514193141 i ! ' ; ’ ' ! .
estin YO = 2.8875745000B63974 COMpares to true value = 3. 9YB44%43542855500 19 £V v 10 2V ¢ -0 20
up up UP
. - D 6
. s @ELITY 125 & .' O\“
o target " © .
Je 10.0 4 @ - \ Y
4 ® cbs g 4 "
: 7.5 e ! =]
5 e e .
2.0 1 2- .
o e -
. O
Z‘D
o
ND.01® 04®
T T T T T T T T
12 20 4] 10 2D C 0 20
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Toy model

Comparison between algorithms for 1000 synthetic patients Error
1 Np 1 NC
) D N Ry
P =1 "¢ j=1
Algorithm Error Computational times (mean)
Levenberg-Marquardt 0 0.04 s
Trust-Region-Reflective 0.014 0.059 s
Nelder-Mead 0.001 0.312 s

Dual-Annealing (only 100

ationts) 0.016 9s
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Toy model

Comparison between algorithms for 1000 synthetic patients Error
1 Np 1 NC
) D N Ry
P =1 "¢ j=1
Algorithm Error Computational times (mean)
Levenberg-Marquardt 0 0.04 s
Trust-Region-Reflective 0.014 0.059 s
Nelder-Mead 0.001 0.312 s

Dual-Annealing (only 100

patients) DI e

Works very well!
Locally identifiable ...
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Toy model

- Modify priors for Levenberg-Marquardt algorithm

Priors
True priors

(0,0,0)

- . 4 BORDEAUX Enseirh_
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Error

0

2.755

300 1

200 -

100 4

AGI

300 A

200 1

100 4

Error
N N
p 4
g LS e
N N :
P =1 "¢ j=1
AGI AGI
300 -
200 -
100 -
- .
10 20 10 20
UpP UP
\ 8-
N\ 6 -
\.\ 4 -
. .
2 '\m\\'
1 1 0 E ] I
10 20 10 20
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Toy model

- Modify priors for Levenberg-Marquardt algorithm Error
N N
1 - 1 C true
_ ) D N Ry
Priors Error P =1 ¢ =1
True priors 0
(0,0,0) 2.755 AGI AG| AGI
300 A 300 + 300 -
200 A 200 1 200 -
100 4 100 1 100 -
0- o ~— : 0{ ~—
0 10 20 10 20 0 10 20
| up upP up
°] —— estim
4 - 8-
- . e arget \
Only locally identifiable ... - e abs . . 6
L \Q 2.. \.\ 4 -
. . 2 o e L}
Fits are good but the estimated \\' 1 2 .
parameters are not. 018 , 0- , : 0- , ‘
0 10 20 10 20 0 10 20
_ lreia— NP B
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Toy model

- Increase measurement noise for Levenberg-Marquardt algorithm

Noise (standard
0
0.2
0.4
1

AG AG| ACI
A0 | - | wnd|
l
200 4 2001 | 200 4
| .
|
1€0 A |‘ 100+ \ 100
\
\ \ L
[ ) N+ -
0 10 0 C 10 2C D 10 20
up up up
L 3_?
ad | e 4 e (@
[ | NI\
. 21®
2 estim \
* = target P 24 -
. r i !
0 s e 0-e Ya—
10 20 C 10 A 0] ] 20

Noise standard deviation = 0.2
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Error
0)
0.03
0.102
0.156

AG AG| ACI
w04 ann- | wn 4|
200 \ 2004 200 4 l
\ |
1o \ 100 100
W\
O L v
[ "~ —— N n
0 10 0 ¢ 10 .o 0 10 20
up up up

o f“'\ u.\, N ‘x!

.;,T\‘

: . \
N \ 1 -
71 astien \{. N S-T + \
o -~
4 | "
0

Lo 20

Noise standard deviation = 0.4

Error
| &1 &
| C _ Ctrue |
N S
P =1 "¢ j=1
AG AGI ACI
wuA | - wn4!
Al 200+ ‘ 200 4
01 100+ 100
alr 7”.K—' N k—
0 10 0 c 10 2¢ 0 10 20
up up up
04 — etim | 5" e
Nl I R
\\_ s ors a * Lo 3 e
Gle ‘Y‘ * ~ o ? .\\.
a \\;\{_. 214 =, l' \§~§§
2 o a
o~ D : ®
0 0+
u U C 10 Al U o 20

Noise standard deviation = 1
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Toy model

- Increase measurement noise for Levenberg-Marquardt algorithm

Noise (standard
0
0.2
0.4
1

AG AGI ACI
A0 | - | wnd|
l
200 4 2001 | 200
| .
|
1€0 A |‘ 100+ \ 100
|
\ \,
[ ) ~ N+ -
0 10 0 C 10 2C D 10 20
up up up
L 3_?
4 ' 3 ° q4- LS ‘
[ | I,
. 21®
2 estim \
* = target P 24 -
. r i !
0 s e 0-e Ya—
10 20 C 10 A 0] ] 20

Noise standard deviation = 0.2
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Error
0)
0.03
0.102
0.156

AG AG| ACI
w04 ann- | wn 4|
200 \ 2004 200 4 l
\ |
1o \ 100 100
W\
N L v
[ "~ —— N n
0 10 0 ¢ 10 .o 0 10 20
up up up

o f“'\ u.\, N ‘x!

.;,T\‘

\ x

AL ]t ™ TN
. g
s
0

Lo 20

Noise standard deviation = 0.4

Error

1 Np 1 N, 4
| é’ _ Cl‘l’ ue |
N b
P =1 "¢ j=1
AG AGI ACI
wuA | - wn4!
Al 200+ ‘ 200 4
01 100+ 100
air 7”.K—' N k—
0 10 0 ¢ 10 2¢ 0 10 20
up up up
04 — estim | 5" e
a ."" — largel P»\‘ r-\Q_\ *
\\_ & ots 4 e e 1 e
Gle ‘i‘ * ~ a ? .\\O
q AN > a v S
NN i - 2 o ~
2 L R l P
o~ D ‘ °
Q 01
0 u C 10 A u Lo 20

Noise standard deviation = 1

Pratical identifiability
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Toy model

- Real data
UP  Concentration of theoohyllire Parameters distribution
Assuming Gaussian law
1)+
0.6 : 25 : 2.4 .
N k, Vo
2.2
? 0.5}
2 2
3
2 1.8 - -
0.4
) 1.5 1.6
0 b 10 | 5] 20 25
hours
0.3 14 - .
[ )
1 {1 12- .
AGI
ool 0.2 o _
200U l
0.5 {1 o8-
100 4 Di1r
0. 0.6
0 5 0 15 20 15
uP 0 ' 0 ' 0.4 '
el 0 1 2 3 -28 -26 -24 3.2 3.4 3.6
7_5.
5.0 4
2.5
0.0 1

python3 script_estimate_PK_with_real_data.p
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Population approach

- The mixed-effect approach consists of pooling all the patients together and
estimating a global distribution of the model parameters in the population.

B. Ribba et al. A review of mixed-effects models of tumor growth and effects of anticancer drug treatment used in population analysis. CPT: Pharmacometrics &
Systems Pharmacology, 3(5):1-10,2014.
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Population approach

- The mixed-effect approach consists of pooling all the patients together and
estimating a global distribution of the model parameters in the population.

- More precisely, the individual parameters are assumed to be realizations of a random
variable decomposed into two parts:

0, = OPP + 0" i € [1,Np]
- where Ny is the number of considered patients, ”°F correspond to the fixed effects
where as Qi’”d correspond to the random effects and have been assumed with mean

Z€ero.

B. Ribba et al. A review of mixed-effects models of tumor growth and effects of anticancer drug treatment used in population analysis. CPT: Pharmacometrics &
Systems Pharmacology, 3(5):1-10,2014.
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Population approach

The mixed-effect approach consists of pooling all the patients together and
estimating a global distribution of the model parameters in the population.

More precisely, the individual parameters are assumed to be realizations of a random
variable decomposed into two parts:

0, = OPP + 0" i € [1,Np]
where Np is the number of considered patients, 6“7 correspond to the fixed effects

where as Qil”d correspond to the random effects and have been assumed with mean
Zero.

Objective: A population approach allows to compensate for sparse sampling times
and measurement uncertainties by constraining the variability of the parameters in
the population.

Classical algorithm: SAEM algorithm

B. Ribba et al. A review of mixed-effects models of tumor growth and effects of anticancer drug treatment used in population analysis. CPT: Pharmacometrics &
Systems Pharmacology, 3(5):1-10,2014.
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Population approach

- |llustration sur les données réelles

- Ultilisation du logiciel Monolix Parameters distributio

Assuming Gaussian law

1 2 3 1
‘l— . P-‘ L | ’ - ‘\
P‘A T\‘ \ /.* 0.7 ' 3.5 1 ] 3 '
;Q 6 &. ix N 1Y w—|ncividual estim.
. & . .
. " . | s Population estim.
\ 1 \ . . ?
| . - 3
2 -
: g ’ '
' » E
1 N o0 10 bl 1 hJ I 25
5 6 7 3
R > “ " ° "
| ? | i\
. \ I
.; ‘\A l ‘\ i 2
» - . s
§ 1 b f \ s l \
< 1 \ L \ s
L \ \
§ \ - \ \ 1.5
8 > E 1
) 4 r pe >
~II m 1 i\ { 1 "
9 10 11 12 l
o L] L -
& ™ < ”‘
\
3\ PR | B 'f ‘ 0.5
» 3 \ . ‘Y
“4F \ 1 " \
\ T 1\ \
\'\ ~.
1 “a 4 0 0 !
. l ~a a - 0 1 2 3 28 26 24
' 4 i -~
0 1 o | L O | x
time
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Few conclusion on variational strategies

Limitations:
Importance of the priors
if local extrema?]
Increase errors
Practical identifiability? ]
Possible to also estimate standard deviations
Computational expensive for use with PDE
[ok for small 1D ... not for 2D or 3D]
There is no perfect method!
[Need to be chosen depending on the system and on your question!]

Target system A Target parameters

Limit system Identified parameters
Iteration n Iteration n
Iteration 0 lteration O
> >
t t
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Few conclusion on variational strategies

Limitations:
Importance of the priors
if local extrema?]
Increase errors
Practical identifiability? ]
Possible to also estimate standard deviations
Computational expensive for use with PDE
[ok for small 1D ... not for 2D or 3D]
There is no perfect method!
[Need to be chosen depending on the system and on your question!]

Target system A Target parameters

Limit system Identified parameters
Iteration n Iteration n
Iteration 0 lteration O
> >
t t

Strategies of optimization can be used in various other fields as machine and deep
learning ...
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SEQUENTIAL STRATEGIES

FORMALISM

STATE OBSERVER - LUENBERGER FILTER

STATE OBSERVER - LINEAR KALMAN FILTER
PARAMETER AND STATE OBSERVER

REDUCED ORDER KALMAN FILTER

JOINT STATE (L) & PARAMETERS (K) OBSERVER

64



SEQUENTIAL STRATEGIES

FORMALISM
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Sequential approach

Correct the dynamics by a feedback based on the discrepancy combining the data
and the model state

And parameters have a dynamics too ! . A

O — Ao ) = A@.0.0 +G(D(z )
{u(O) = uoi—é“ — > 4 :9(((% B G’(D(z, 1))
0(0) = O+ ;1(0) _ ;0

Objective: find G'and G? such that
(0,0) — 00 (u,0)
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Sequential approach

Correct the dynamics by a feedback based on the discrepancy combining the data

and the model state

And parameters have a dynamics too !

u(t)
{ u(0)
6(0)

Var. limit

u(t

A(u,0,t) é(t

U, + ¢ —> \ - 0
O + ¢ u(

- 9(0

Objective: find G'and G? such that

(0,0) —100 (u,0)

Target state A

A

A(u,0,t) + G“(D(z,u))
G?(D(z, 1))

Ue

2

Target parameter

Final estimation — —
Variational limit
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SEQUENTIAL STRATEGIES

STATE OBSERVER - LUENBERGER FILTER

67



State observer - Luenberger observer

To introduce the principle of sequential method, we will assume that the
uncertainties are limited to the initial conditions ...

Target model Freerun model

( AGI = _kaAGI f A_GI — _ka/Z\GI

; U = I\j_gAGI — keUp ! Up = I\(/_Z/Z\Gl — keUp
Ag(0) = Ago+ Ac(0) = Ao

\ UP(O) — UP,<> + CUP X UP(O) = Up’<>
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State observer - Luenberger observer

To introduce the principle of sequential method, we will assume that the
uncertainties are limited to the initial conditions ...

Target model Freerun model

( AGI = _kaAGI f 'Z\GI — _ka/Z\GI

; U = %AGI — keUp ! Up = I\(/_Z/Z\Gl — keUp
Ag(0) = Ago+ Ac(0) = Ao

\ UP(O) — UP,<> + CUP L UP(O) = Upr,

Error model

Ac = Ag — Agi, Up = Up — Up

y

A.GI =  —koAg
! U = I\(/_ZAGI_keUP
Aa(0) = (M
\ UP(O) — CUP
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State observer - Luenberger observer

To introduce the principle of sequential method, we will assume that the
uncertainties are limited to the initial conditions ...

Target model Freerun model
( AGI = _kaAGI f AGI =  —kdAq
; Up = %AGI — kAeUP ! U = ’&—gAc;: — keUp
Aci(0) = Ag.o+ (@ Ac(0) = Agio
\ UP(O) — UP7<> + CUP \ UP(O> — UP,<>
Error model
Aci = A — Aai, Up = Up — Up The solution of the error model is given by
f z\cl =  —kAg Ac\ P ekt CAG'
- ke A - U ) 0 ¢
- U = 2Aa —kelUp P
Aq(0) = ('
\ UP(O) — CUP

BBBBBBBB Enseirh_
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State observer - Luenberger observer

To introduce the principle of sequential method, we will assume that the
uncertainties are limited to the initial conditions ...

Target model Freerun model
( AG[ = _kaAGI ( AGI =  —kdAq
; Up = %AGI — kAeUP ! U = ’&—gAc;: — keUp
Aci(0) = Ag.o+ (@ Ac(0) = Agio
\ UP(O) — UP,<> + CUP X Up(O) = Up’<>
Error model
Aci = A — Aai, Up = Up — Up The solution of the error model is given by
f z\cl =  —kAg Ac\ P ekt CAG'
- ke A - U ) 0 ¢
- U = 2Aa —kelUp P
Aq(0) = ('
\ UP(O) — CUP

The solution of the error model converges exponentially to O.
Objective: find a filter which increases this convergence using the observations z = Up .
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State observer - Luenberger observer

To introduce the principle of sequential method, we will assume that the
uncertainties are limited to the initial conditions ...

Target model Observer model
( AG[ = _kaAGI ( AGI — _kaAGI
. kg ~ A~ A A
{ Up = V_OAGI — keUp y U = I&—;AGI — keUp—)\(Up — Z)
Ag(0) = Ago+ Aa(0) = A
Up(0 U Up s Gho EE
L Upr(0) = Upo+¢ L Up(0) = Up,
Error model
Aci = A — Aai, Up = Up — Up The solution of the error model is given by
( Z\Gl — —kafz\c;l /Z\GI _ p—| e ket 0 p CAGI
K3 o - DP - 0 e—(ke—i—A)t CUP .
! Up = 2Ac— (ke + A)Up
Aq(0) = (M
\ UP(O) — CUP

The solution of the error model quicker converges exponentially to 0 since |A > 0.
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State observer - Luenberger observer

- Numerical illustrations on 2 patients without noise
- Interpolated data AGH AGI

300 +

200 1

100 1

0 5 10 15 20 25
UP
; — gstim
12 — target
10 - ® obs
— frQQrun
1 §
10+
iF \
4 i 1 1 L] 1 ] 1 s | ] 1 1 I 1 1]
5 10 15 20 25 0] 5 10 15 20 25

- Satisfying results foﬁ Up
- the blue curve (observer model) converges to the orange ones (target model)
- the error between the solutions of the observer and the target models is smaller than
the error between the solutions of the freerun and target models (third column)
- displacement of the eigenvalue associated to Up

nnnnnnnn Enseirh- python3 script_estimate_PK_with_synthetic_data_state_observer.py
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State observer - Luenberger observer

Can we do better?

Modify Aci?
Target model Observer model
( A.GI = —kiAg ( Ag = —k Ac—p(Up — 2)
Up = %AGI — keUp Up — X AGI k Up )\(Up — Z)
< ’ Aci { . Yo
Ag(0) = Ag.o+ Cu Aa(0) = Ag T
L Bl0) = Upo L 50) — U,
Error model
Agi = Agi — Agi, Up=Up — Up
( Z\G, —  —koAg — pUp The eig(:nvalues depend on the values of the
S ki ~ parameters
U = V_Q\AG’ (ke + MUr 3nd can be complex.
A{Gl 0) = (% We do not improve the convergence for all values of the
L Up(0) = (Y parameters ...

nnnnnnnn EﬂSBIFh'
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State observer - Luenberger observer

- Comment line 40 and uncomment line 41 of the file:
params_PK_synthetic_data_state_observer

AGI AGI
300 - 300 -
200 - 200 -
100 A 100 =
~a
0 | 1 4 I 1] | O L ] | 1 1 1 T
0 5 10 15 20 25 0 5 10 15 20 25
upP UP
— estim 14 -
- target 12 -
15~ ® obs
—— freerun 10 -
10 - 8 -
6 -
> 1
0 5 10 15 20 25 0 5 10 15 20 25
- Not so easy to conclude :)
- P 4 BORDEAUX Enseirh_
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State observer - Luenberger observer

- The time loop of the state observer is given in analyze_state_nudging_observer:

rver(par,IC,theta,uobs):
’ ’

Only one line has been added (very
simple to implement !)

lef PK_state_observer{(u,z,gain):

State observer
mnin

- P 4 BORDEAUX Enseirh_
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State observer - Luenberger observer

To conclude ...
This kind of observer/filter is called a nudging observer. This idea — originally
introduced by Luenberger in 1971 — relies on the definition of the simplest
possible filter such that the error between the observed trajectory and the
observer system tends to zero.
Very simple to implement ...
Very interesting in terms of computational cost
But has to be adapted to each model
But can be difficult to prove that the error tends to zero ...
But can be difficult to fix the gain parameters (which corresponds to the
confidence that we have in the data as we will see later ...)
But can not be statically interpreted
But does not allow to estimate parameters ...

D.G. Luenberger.An introduction to observers.
I[EEE Transactions on Automatic Control,
16:596-602, 1971.

P
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SEQUENTIAL STRATEGIES

STATE OBSERVER - LINEAR KALMAN FILTER

75



State observer - Linear Kalman filter

Minimize the criterion (for example maximum likelihood estimation with Gaussian
law) with respect to the uncertainties under the constraint of the model dynamics

| - | , l T - 2 al (t) — A(EI| ,t)
min 7€) = 3G+ 5 [ llz = €@ ) de s {a|§<0> = U+ ¢
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State observer - Linear Kalman filter

Minimize the criterion (for example maximum likelihood estimation with Gaussian
law) with respect to the uncertainties under the constraint of the model dynamics

| | [T -
min J¢) = SISl + 5/0 Iz — C(@ ) [ly-1 dt st { i (1)

A and C are supposed to be linear
We consider a time discretization (just to simplify the presentation!)

- P 4 BORDEAUX Enseirh_
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State observer - Linear Kalman filter

Minimize the criterion (for example maximum likelihood estimation with Gaussian
law) with respect to the uncertainties under the constraint of the model dynamics

| 0 | T o f,l t) = Au,,t)
min 7€) = 3G+ 5 [ llz = €@ ) de s {a|§<0> = U+ ¢

A and C are supposed to be linear
We consider a time discretization (just to simplify the presentation!)

Uyt = AcpiklUk, Uo =Us +(
The following functional

Q) = 5 (P Q) + D (21— Gt W (1~ Gat)

k=0

admits one and only one minimizer (quadratic functional) denoted ¢ obtained when
dc Jn(¢) = 0. The derivative of J,(¢) with respect to ¢ is given by

4 T(QA0) = 5 (€ Py dC) — 237 (2 — Gutl, W' Gt (d0))

k=0

- P 4 BORDEAUX Enseirh_

| brrzéa—~ INP matmecs
universite

“BORDEAUX 76 ANNABELLE COLLIN




State observer - Linear Kalman filter

Minimize the criterion (for example maximum likelihood estimation with Gaussian
law) with respect to the uncertainties under the constraint of the model dynamics

| | [T - Al
min J¢) = 5 1<l +E/O lz — €@ ) [y dt st { u M = A,

U|C (O) = Uy + C
de T (E)(d¢) = (¢, Py 'd¢) — D (2 — Gk, W' Gedcik(d0))
k=0
= (¢.Py'd¢) = > (AW (zi — G, dcTi(dC) )
k=0
For a trajectory (Uk)x we define = ((,Py ')y + > <—(qk — ALk 1) dcﬁk(dé‘)>

(qk )k the associated adjoint variable

n

= <C,Po_'dC> — Z (qk, dcuk(dC)) + Z <AII+||qu+ladCUk(dC)>

Qk — AII+I|qu+I — C,IW_l (Zk — Ckak)a k=0 k=0
Gnt1 = 0. = (¢,Py 'dC) — Z (qk, dct(dCQ)) + Z (Qrq15 A1 ket (dC))
k=0 k=0

n

5 = (¢,Py'dC) = > (g, detik(d0)) + > (Grer1, ety 1 (dC))
We obtain that ¢ = min¢ J(¢) = Poqo. k=0 k=0
= <C’ PO_IdC> - <q07 dCUo(dC» + <qn—|—l ) dCan—i—I (d<)>
= (¢, Py 'd¢) — (qo, d¢)
__ Creia— iNP S
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State observer - Linear Kalman filter

Minimize the criterion (for example maximum likelihood estimation with Gaussian
law) with respect to the uncertainties under the constraint of the model dynamics

| . | T o al(t) = A(G,t)
min 7€) = 3G+ 5 [ llz = €@ ) de s {a§m>:=uVﬁ<

Theorem (Time-discrete version) - Defining (optimal trajectory) the solution of the
two-ends problem,

Uy = Al U = Us + Poqo,

G = Ay pdier + W @ — Gil), - Gpyy = 0,
we have the following identity i, = i1, + P.g,, where (i, P,), is defined by
g =u,

i = iy + Ki(z, — Cyiy)
Uy = Ak+1|k i

Py =Py
Pk+1 = Ak+1|kP+Ak+1|k’

with K, = P C/(C,P; C! + W)l is the Kalman gain.

BBBBBBBB Enseirh_
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State observer - Linear Kalman filter

Minimize the criterion (for example maximum likelihood estimation with Gaussian
law) with respect to the uncertainties under the constraint of the model dynamics

| I o u (1) = A1)
min 7€) = 3G+ 5 [ llz = €@ ) de s {u|§<0> = U+ ¢

Theorem (Time-discrete version) - Defining (optimal trajectory) the solution of the

two-ends problem,
U1 = Ak+1|kuka Uy = U, + Poq,

i = A1<T+1|k51k+1 + CkTW_l(Zk — Gdiy),  Guy1 =0,
we have the following identity i1, = i, + P,q,, where (ii,, P,), is defined by

iy = u,
ﬁ;{l_ = ﬁ]: + Kk(Zk — Ckﬁ]:)

A — A+

Upy1 = Apr1 ey

2 _ R. Kalman and R. Bucy. New results in linear
PO —_ PO filtering and prediction theory.Trans. ASME |.
Basic. Eng., 83:95—108, 1961.

~- + AT

Pk+1 - Ak+1|kPk Ak+1|k’

with K, = Py C(C,P; C/! + W)~ ! is the Kalman gain.
_ lreia— iNP Mg
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State observer - Linear Kalman filter

Minimize the criterion (for example maximum likelihood estimation with Gaussian
law) with respect to the uncertainties under the constraint of the model dynamics

. L _ 2 u () = AUt
min 7€) = 5K+ 5 [ = Calfyar se { Bl = A
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State observer - Linear Kalman filter

Minimize the criterion (for example maximum likelihood estimation with Gaussian
law) with respect to the uncertainties under the constraint of the model dynamics

. I 2 I T _ ) u (t) = A(fl t)
= — o+ = —C dt s.t ¢ I3
Proof by induction:
ity = u, + Pogo = iy + Podo
Let us assume that the formula is satisfied for some k, i, = i, + P,q, , we have
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State observer - Linear Kalman filter

Minimize the criterion (for example maximum likelihood estimation with Gaussian
law) with respect to the uncertainties under the constraint of the model dynamics

. - I/T i i (1) = A1)
min = —||<ll5-1 + 3 z—C(u dt st e I3
in7¢) = 5l +5 [ llz =@l 3.00) = uo+¢
Proof by induction:
g = u, + Pogo = ity + Poq
Let us assume that the formula is satisfied for some k, i, = i, + P,q, , we have
U1 = At ikt = A1k (U + Prqi)
= Ak-l—l|k(alj_ — Ki(zx — Getip ) + (P + KeCePy )d)

_ ~ A p—= + ~
= Akl —Arr i iKie(zie — G (0 + P qe)) + A kP Jk
ak_—|—l Uk AIZ—H |kak‘|‘| +Ai4 |kC/-£W_ ' (z — Cielik)

= U — A1 kKi(zi — Geti) + Ak—|—||kPlj_AlI-|-||k Gt 1 + Acri Py GW ™ (zie — Gilir)

Pt

= Uy + Py Gt — Acpie(Ke = PEGW 1) (2 — Geliv).-
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State observer - Linear Kalman filter

Minimize the criterion (for example maximum likelihood estimation with Gaussian
law) with respect to the uncertainties under the constraint of the model dynamics

s | [T 0 u (t) = Aa,t)
min = —||<ll5-1 + 3 z—C(u dt st e I3
70 = 31l + 5 [ 2= ol se { Je = A0
Proof by induction:

ity = u, + Pogo = iy + Podo

Let us assume that the formula is satisfied for some k, i, = i, + P,q, , we have

U1 = At ikt = A1k (U + Prqi)
= Ak-l—l|k(alj_ — Ki(zx — Getip ) + (P + KeCePy )d)

_ ~ A p—= + ~
= Akl —Arr i iKie(zie — G (0 + P qe)) + A kP Jk
ak_—|—l U AIZ—H |kak‘|‘| +Ai4 |kC/-£W_ ' (z — Cielik)

= U — A1 kKi(zi — Geti) + Ak—|—||kPlj_AlI-|-||k Gt 1 + Acri Py GW ™ (zie — Gilir)

Pt

= Uy + Py Gt — Acpie(Ke = PEGW 1) (2 — Geliv).-

We conclude by proving that K;, — P},:erTW_1 = 0:
Ke — P CCW ™' =K — (P, — K GP ) CEW ! = (K (W + GP, CL) — P GOW !
. = (P, CL(CPCL+ W) "W+ CP C) — PCGOW™ =0.
__| breia— INP s
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State observer - Linear Kalman filter

AGI
300 A
200 -
100 -
0 i 1 1 ] | 1 1
0 5 10 15 20 25
UP
20 o
/ N —  2stim
/ \
! \\ - target
15 - - obs
freerun
10 -
5 - s

0 5
- Satisfying results for Up

- the blue curve (observer model) converges to the orange ones (target model)

300 -

200 -

100 -

15.0 -
12.5 -
10.0 -
7.5 1
5.0 -

2.5 -
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State observer - Linear Kalman filter

pservation_operator

ydel_operator']+"(par|

Matrix operations

- P 4 BORDEAUX Enseirh_
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State observers

Study the stability:
Modify the observations time to consider time-sampled observations

Increase the value of the observations noise
Which filter seems to be the more sensitive to observations noise ?

Specific to each filter:
For nudging filter, we can play with the valeurs of the nudging parameters. The

more the noise is important the less the values of the parameters have to be ...
(We do not known how they are related to the deviation standard of the

observations noise ...)
For Kalman filter:

2 0 .
— PO — (UAG’ 2 ) with AGI(O> ~ N(,LLAG,, UAG,) UP(O) ~ N(:LLUpa UUP)

0 oy,

|
= —Wwithz = Up + x. X ~ N(0,W'/?)
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SEQUENTIAL STRATEGIES

PARAMETER AND STATE OBSERVER - KALMAN FILTER
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Parameter and state observer

The parameters can be treated as the state variable by augmenting the state

dimension:
i) = A(u,6,1) ; A%, 1 A= (1) @s b =0)
{ ;Egg )L > { “u(0) Uy + ¢ ( )

0o + Ce u
oG

Il
s
=

1.
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Parameter and state observer

The parameters can be treated as the state variable by augmenting the state

dimension:
ut) = A(u,0,1) o ap (@ A= () (as 6 = 0)
u — u u U(t) T A( U,t) 0
eggg = o > {O‘U(O) = U+ <>

0o + Ce u
(e (e

If “A and“C (the augmented observation operator) are linear, we can use the Kalman-
Bucy filter presented previously

( O{CIO— — O{uo
aalj— — aﬁl(_ + aKk_SZk — O‘Ckaﬁk_)
“u, = A1k Uy
| % Lnl
Po - e
P =P — KCOP, c= (S ~ A0, °R)
ap— — QA apt+opT 4‘9 » 10
L kA k+1k Tk Pk

with K, = P °Cl (°C, Py °C] + W)~
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Parameter and state observer

And if it is not linear? Even the augmented dynamics of the very simple PK model is

not linear: (Ag = —kAq
L..jP = I\;_;AGI_keUP
§ kg, = 0
ke = 0
. Vo = O

-~ P 4 BORDEAUX Enseirh_
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Parameter and state observer

And if it is not linear? Even the augmented dynamics of the very simple PK model is

not linear: (Ag = —kAq
L..jP = I\;_;AGI_keUP
ke = 0
ke = 0
. Vo = O

With non-linear model operator and observation operator, the optimal sequential
estimator can still be defined but to the prize of a computational complexity for large
dimensional systems.
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Parameter and state observer

And if it is not linear? Even the augmented dynamics of the very simple PK model is

not linear: ( Ag = —kJAq
L:jP = I\;_SAGI — keUp
§ kg = 0
ke = 0
. Vo = 0

With non-linear model operator and observation operator, the optimal sequential
estimator can still be defined but to the prize of a computational complexity for large
dimensional systems.

Therefore, it is classical to rely on approximate optimal sequential estimator based
on the generalization of the Kalman filter to non-linear operators. This is typically the
case with the Extended Kalman filter where we have

( Oéao— — Ozuo

Uy =0 + Kz —* G0 )

o~ _ aAk | k(aa—l—)
< aII;J—FI o O‘Po+ | k Of course, it can also be used
0 o to estimate only the state
oPr = P K\ dOC P, g
- _ + JoAT

L Pt = APy daAk—|—I|k7

T with °K = P, d°CJ(d°CP dCf + W)~
— 2l — dumeca
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Parameter and state observer - EKF

 lrnzia—~

400

300

200

100 H

0

400 [

300

20

100 ¢
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Extended Kalman - AG||

0 1C 20 30

Extonded Kalman - Aa

Extended Kalman- U,,

Extended Kalman- UP

. Extended Kalman - ka

———

> Extended Kalman - ke

10 20 30

. Exiended Kaiman - ka

0 10

20 30

Extended Kalman - ke

ast/
36|
34 f

32¢

2 Extended Kalman - VO

0 10

20 30

a Exiended Kaiman - VO

04 24} 38|,
256} \
0z} 36},
28} ) }.
oI . 34t
3t : I
l‘ 0.2 a2l 32 ;- —
A 5 .0.4 " " 5 .3.4 A A J 3 A
0 1C 20 30 0 10 20 30 0 10 20 30 0 10 20 30
Extended Kalman- A Extended Kalman - ka Extended Kalman - ke ) Extended Kalman - VO
22} - 4l
24} 381 -
D ~ 26} 36|
" 28} sall
-3 32 I
A A " .05 A A " .3.2 A A " 3 A A
0 1C 20 30 10 20 30 0 10 20 30 0 10 20 30
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Parameter and state observer - UKF

- It can be more convenient to rely on the Unscented-Kalman Filter where the tangent
operators are replaced by finite difference approximations based on sampling

400'-’"3““-" Kalman - A_, Unscented Kalman - U, o GUMnhd Kalman - ka Unseentad Kalman - ke Unscentad Kalman - V0
04 Ll 4.
300 | 24 |
UZ¥} x5
: ‘ 26} |
200 0 N 36/
‘ 28}
| 02| 34
100 |,
‘ 04} 9t 32;
n T . ] , 08 : . , A2 ] R R ) 3 . . )
C 10 20 30 30 10 20 30 0 10 20 30 0 10 2C 20
UnscenledKalman - A, Unscented Kalman - U,  ypgcented Kalman -ka  Unscented Kalman - ke Unscented Kalman - VO
400 12 06 227 4 -
10 24 ‘
K] 04F AR -
8 26} ‘
02t 36-
200 6 28} .
U 34 -
4 3t
100 )
" 02 3zt 37.
o L P A 5 0 5 .0.4 =4 A ) .3 4 A A ) 3 A A )
C 10 20 a0 30 0 10 20 30 0 10 20 30 0 10 2C <0

Unacented Kalman - A“

a Gunsoonua Kalman - ka

?Unmnhd Kalman - ke

: ?l.hsoontod Kalman - VO

4m
U4 [ 22} g .
300 p , I
02¢p 24} 3B -/
200 | 0 26 36 ; ,
'. 02}, 28} 34/
100 |, , A .
! 04} al 32,
] ‘ a a 3 N 2 T - N 2 s <527 _ N N 3 ] 2 N 3
¢ 10 20 3 0 10 20 3 o 10 20 30 o 10 20 30 0 10 2¢ 20
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Conclusion on Kalman filters

Can be used for every model: That is why this method is very interesting!
Allow to estimate state and parameters

Quite simple to implement

Can be statically interpreted

Is related (at least for the linear Kalman-Bucy filter) to a variational strategy

But have an important drawback which is the prohibitive computation of the
covariance matrix P. Indeed P is a full matrix of size Nqo, X Na,

Concerning PDE:

* Ok for 1D

* For small 2D (~100 x 100)
 Impossible for 3D ...
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SEQUENTIAL STRATEGIES

REDUCED ORDER KALMAN FILTER
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Reduced Order Kalman Filter

- A possible strategy is to use reduced-order covariance operators.

- A typical example of order reduction occurs when we restrict the uncertainty space
to the parameter space.

- The main idea behind the reduced order strategy is to consider a SVD
decomposition of P of the form

P=1LU"'L

with U an invertible matrix of small size and L an extension operator.
For linear operators, this decomposition is stable over time and the equation on P
leads to the two following systems with admissible computational times

L=AlLandU=L"C"W'CL

In non-linear cases, extensions of these two systems have been developed.

';\"AC P. Moireau, D. Chapelle, and P. Le Tallec. Joint state
g/g and parameter estimation for distributed mechanical
‘ systems. Computer Methods in Applied Mechanics

and Engineering, 197:659—677,2008.
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SEQUENTIAL STRATEGIES

JOINT STATE (L) & PARAMETERS (K) OBSERVER
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Joint state (L) - parameters (K) observer

It is possible to combine the two sequential strategies in order to propose a joint
state and parameters estimation with a reasonable computational time (for PDE).

We use two different gains:
one for the state: a Luenberger observer,
and one for the parameters: a Kalman observer.

At each time step:

Prediction

lfl:_ :An+l|nan_
State correction

ittt = G, z))

Parameter correction

a;+| = GIU<R(ar—1|_+72n) and én+l — GﬁR(én)
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Joint state (L) - parameters (K) observer

1oc Unscented Kalman - A Unscentad Kalman - U, o Unscented Kalman -ka _Unscented Kalman - ke . Unscented Kalman - V0
[ R [ 2.2 -
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300 | e | ) .
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—_ 26 {
20C 0.2 .
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- Unscented Kalman - A, Unscented Kalman - U, 06 Unscented Kalman - ka " Unscentad Kalman - ke , Unscented Kalman - V0
04 22 al .
300 v
0z 2.4 ast’ -
of 26 36|/
02 / 2.8 34
0.4f 31 32
. ) , £N&l . . , a2l . . ) 3 . . ,
20 30 30 0 10 20 30 0 10 20 30 0 10 20 30
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Parameter and state observers

Study the stability
Modify the observations time to consider time-sampled observations
Increase the value of the observations noise
Which filter seems to be the more sensitive to observations noise ?

Modify the parameters specific of the Kalman filters:

0,%0 0 0
— Po — 0 02 ,ze O
0 0 0‘2,0

I
= 2 Wwithz=Up+x, x~N(, w'/2)
lorzia— NP i,
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ILLUSTRATIVE EXAMPLE: CovID CRISIS

95



Observations

Daily prevalence of hospitalization per 100,000 inhabitants

Hospitalization number

We take into account two data series :
Daily incident number of hospitalized

Auvergne-Rhéne-Alpes Bourgone-Franche-Comté Bretagne

Centre-Val de Loire

100 1
754
504

25

. S~ ST

:

Grand Est Hauts—de-France le—de—France

Normandie

100

754

50 1

254

Nouvelle-Aquitaine Occitanie Pays de la Loire

Provence—-Alpes-Céte d'Azur

1001

754

501

254

) > P P » P o
& Ibs/ QQQ/ & (5}/ & (b«./ %Q)Q/ & Ib«.l é\ 15\/ ron/ é\ 1&’
- 4 BORDEAUX M
- I N P Enseirb-
41 &Lw’- Matmeca

Daily incidence of hospitalization per 100,000 inhabitants

12.54

10.01

o b o N
o »u o w
" "

12.54

10.01

o b o N
o v o
" "

Auvergne-Rhone-Alpes

Bourgone-Franche-Comté

Bretagne

Centre-Val de Loire

I e

N

Grand Est

Hauts—de—France

ile—de—France

Normandie

A At

NP

Nouvelle-Aquitaine

Occitanie

Pays de la Loire

Provence-Alpes-Cote d'Azur

12.51
10.01

nooo N
o o w
1

©
o

A

K3
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Observations

- The SEIRAH model: An extended Susceptible-Exposed-Infectious-Recovered

(SEIR) rnSodeI |V SU +ad)
T ( N N) N
: VNS A E
E:Q(l——) (U+ad)
N N Dg
TE 1—7ry r1
I =—F— I — —1I
Dg Dqg D;’
< p_rl+A H
Dy Dy
. 1= A
A= "Ep_ 2
Dg Dy
: 1— H
H=—"Ir_
Dqg Dy
\
Parameter Interpretation Value
b Transmission rate of ascertained cases  Region Specific - Estimated
rE Ascertainment rate 0.844*
rr Non hospitalized rate 0.966*
« Ratio of transmission between A and I 0.55%
Dg Latent (incubation) period (days) 5.1*
Dy Infectious period (days) 5*
Dg Duration from I onset to H (days) 11-Dg = 5.9*
Dy Hospitalization period (days) 18.3**
N Population size Region Specific

* Fixed with the literature
** Computed using the correlation between the data

- . 4 BORDEAUX EI'ISBII"h-
1 &tua.— INP Matmeca
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Effective reproductive number / Attack rates

To compute the effective reproductive ratio, we apply the Next Generation Matrix

approach

R, (1) = b(t)L) Da(l —r,) + d :
N (1 —ri)Dl-+I’iDq

By replacing 1 — rp ~ ——, we obtain:

A+1

s{ A DD
Reff — b_ a DI + .
N\ A+I "7 @A+ -r)D;+rDy)

The proportion of infected individuals - also called attack rates - among the
population in each region at a given date is given by:

E+I+R+A+H
Y :

- P 4 BORDEAUX Enseirh_

___ lrrzéa— INP matmecs
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Transmission rate

- We assume that non-pharmaceutical intervention (NPI) reduces the transmission b.

(- VN S(I+ aA)
S:—b<1——)
B N N
E:_(l_K)S(I+aA)_ E
N N Dg
TE 1 —r;g Tr
i=-LFp- I—-Lr
Dg Dqg Dy’
<R ril+A H
Dy Dy T - 1
j_l-re, A b(1 - ) yrs o
~ Dg Dy
. 1—7“1 H
H = I—
Dg Dy

- The transmission b = b(1 — V/N) is region specific and has randoms effects.

«  Use sequential methods to inform the parametric shape of the effect of NPI.

A A A

Date Date Date

A

N\

[«
()

Transmissi

Transmissi
Transmissi

Transmissi

on
\~4

v
v

v

v

Date
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Non-Pharmaceutical interventions (NPIs)

Auvergne—-Rhéne-Alpes Bourgone-Franche-Comté Bretagne Centre-Val de Loire
Lockdown 1 | _Ji] JEN i i
Post lockdown 1 — Phase 1 | | | |
Post lockdown 1 — Phase 2 n n n n
Lockdown 2 m m m m
o Lockdown 2 with open. shops 1 A A M
& Closing Bars - Restaurants | J© | JE__ JE______ JEEN_______ N
o Closing Schools
— Barrier Gestures | [N (N | (s | | e
2 Curfew at 8pm m M il m
®© Curfew at 6pm I I J J
°
Cé Grand Est Hauts—de—France fle-de—France Normandie
3 Lockdown 1 | il i i 4
2 Post lockdown 1 — Phase 1 | | | |
& Post lockdown 1 - Phase 2 A n n n
p Lockdown 2 | | | |
O Lockdown 2 with open. shops A A A 1
5 Closing Bars — Restaurants | /= L | i JE_____ JE_______ N
[= Closing Schools
o Barrier Gestures | [N (N | (s | | e
£ Curfew at 8pm m M 1 M
a Curfew at 6pm J J J J
£
S Nouvelle—Aquitaine Occitanie Pays de la Loire Provence-Alpes—-Céte d'Azur
< Lockdown 1 | _JmL = = )
%  Postlockdown 1 - Phase 1 | M M m
—  Post lockdown 1 — Phase 2 n n n n
£ Lockdown 2 M M M M
% Lockdown 2 with open. shops A A A 1
Closing Bars — Restaurants | /= | i Ja__ | JEEE______ N
Closing Schools
Barrier Gestures | [N (A | (s | | e
Curfew at 8pm | | | A
Curfew at 6pm I J J I
Q Q Q Q N Q Q Q Q N Q Q Q Q N Q Q Q Q N
N . N VN N . Y . . L
N AN AR R A S - A A S S G AR AR R\
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Auvergne-Rhoéne-Alpes

Bourgone—Franche-Comté

Bretagne

Centre—Val de Loire

0.4
0.2 1
0.0 1
—0.2 1
—0.4 1

|
o
o))

Grand Est

Hauts—de—-France

fle—de-France

Normandie

|
o o o ©
(SR VRN

-0.41

|
o
o))

Nouvelle-Aquitaine

Occitanie

Pays de la Loire

Provence-Alpes—Cobte d'Azur

Variations of weather conditions
S o o o
N o [\] SN

|
o
~

-0.6 1
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Humidity %

B

.-
'-‘ .-
f
u .

3

10

Winter

conditions (-0.2)

Summer
conditions (0.4)

credict (2

.

D Te"mﬁergtu'roe ’
P PSP S D PSP S D P S Average French
¥ & @ Y& S SR SR conditions (0.0)
IPTCC (Bukhari et al. 2020)
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Vaccination and Variants of concern

Proportion of individuals who received Proportion of VOC in French population
At least one dose of vaccine (V) - data.gouv from flash seroprevalence studies

Auvergne—-Rhone-Alpes Bourgone-Franche-Comté Bretagne Centre-Val de Loire Auvergne-Rhéne-Alpes Bourgone-Franche-Comté Bretagne Centre-Val de Loire
15% 100%
75%
10% 4
50%
(0]
n 5% 4
o 25% -
©
-
[2] 0% 4 0%
=
E Grand Est Hauts—de—-France fle-de—France Normandie Grand Est Hauts-de—France fle—de—France Normandie
O]
2 15%4 O 100%-
3 >
c S 75%A
S 10% 8
K O 50%
3 =
Q5% p
o O 25%-
o o
D 0% S 0%
c o
o Nouvelle-Aquitaine Occitanie Pays de la Loire Provence—-Alpes—-Cobte d'Azur Nouvelle—Aquitaine Occitanie Pays de la Loire Provence—Alpes—Cobte d'Azur
T 15%- 100% 1
o
(e}
S o 75%1
a o
50% -
5% A
25% -
0% 1 0% A
T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T
N I\ I\ N I\ N N N N I\ N I\ N '\ I\ N I\ N N N I\ N N\ I\ N I\ N N\ I\ N
R N I e A I L N S R N S A L e S
@’b N &L R @'Zr @’b N () & @lb (Q‘b 3 &L L 6{0 @'Zz— 3 ) R {({b @(b N ) R @'b- (({Zr 3 L R ((\{b &"b— N ) L @{Z’ &Q’ 3 (%) & é{b
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i) A population criterion

- Population approach: compensate the lack of data by an available population
- A population made of groups indexed by i

«  Criterion: ¢! Mixed-effect approach: pooling all
gL = gPoP 4 ¢ ¢ — , the patients together and estimating
- : a global distribution of the model
/ \ ¢hr parameters in the population.
Np NT obs
gprg;i,gy{/T(ﬁp”,ﬁ,v) 57 M ew>+z — &), — &) +5 / (v'(t) Il >dt+ Z (i, — te)), (W)~ (v, — C (zi(tk))>]}

Classical Maximum Likelihood Estimation strategy with Gaussian disturbances

BBBBBBBB Enseirh_
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i) A population criterion

- Population approach: compensate the lack of data by an available population
- A population made of groups indexed by i

- Criterion: ¢! Mixed-effect approach: pooling all
gh = gPor | ¢ ¢ = . the patients together and estimating
- : a global distribution of the model
/ \ ¢hr parameters in the population.
Np NT obs
g,,rg;i,gy{/T<£p°P,£,u> 5 (€7, M&W>+Z (€'~ &), (Po) ™ (€' = €M) + 5 / (Vi (1), Q1) (1)) i+ Z (k= C (2 (), (WD)~ (s —0(zi<tk>)>]}

Classical Maximum Likelihood Estimation strategy with Gaussian disturbances

« Assuming that the population share the same weighted mean value:

Ea np (€ deonfﬁ with Za =1,

< o NP MEa NP > + Z € EG,NP (f)), (PO)_l (éz - Ea,NP (5))> + % /0 <V t 7 >dt + Z <yk ) (Wk) ( - C(Z7’<tk))>] }

£PoP =

l\DI»—\

mln {/T(ﬁ v)=

BBBBBBBB Enseirh_
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i) A population criterion

- Population approach: compensate the lack of data by an available population
A population made of groups indexed by |

Criterion: | ¢! Mixed-effect approach: pooling all
gl = gPoP 4 g’ ¢ — , the patients together and estimating
- : a global distribution of the model
/ \ ¢hr parameters in the population.
Np NT obs
o {/T(em’ £ v) = gpop M gPP) +Z (& =€), (Po) " (&' = &"7)) + / (v'(t) () dt + Z (W = C (=" (t), (Wh) ™ (i —C(zi<tk>)>]}

Classical Maximum Likelihood Estimation strategy with Gaussian disturbances

« Assuming that the population share the same weighted mean value:
EPP = B np (€ deonﬂg with Za —1,

(Ea,np (€), M Ea,n, (€ >+Z (€' = Eanp (€)), (Po) ' (€' — Ea,n, (€ /<u >dt+ Z<yk tr), (W)~ (vi C(zi(tk>)>]}

l\DI»—\

mln {/T(ﬁ v)=

- We then introduce the matrix M, of dimension Np X N, defined by blocks such that for
1 <1i,j < Np, the block (MO) . of indexes in [(z - DN, + LiNIX[(j—1)N, + 1,]N]

1 L\ .
My = M+ (51.]. - —P)(PO) |

BBBBBBBB Enseirh_
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i) Unscented Kalman Filter

- Here we consider an Unscented Kalman Filter.

- The non linear operators are replaced by finite difference approximations based on
sampling points.

- Sampling points can be seen as well-chosen “interpolation points” which
propagate the mean and covariance of a random variable

Time: tn
Generate p particles around the mean
value using the covariance reduced to
parametric space

Qz’rediction

Apply the stabilized model to this
particle to compute one time step

<nnovation

Compute the discrepancy w.r.t the
observations for each particle

91
Correction

Gather the errors the parameter
sensitivity hence the feedback
correction

S. Julier, J. Uhlmann and H. Durrant-Whyte, A
new approach for filtering nonlinear systems, in
American Control Conference (1995).
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ili) A reduced order version

Missing step: define the initial reduced covariance matrix and the initial extension
matrix from the initial covariance matrix.
Our strategy is based on a clustering approach applied to the observations
sequence using the k-means algorithm:

(Uy")rs = —

(Lo)ir = BirIN,.N,

how much each region
/department / belongs
to cluster ¢,

SVD
P=LU'LT
L=AlLand U=L"C"W'CL

..... s dieesanmmnnmnnudfioduzummasnengs - 1@ inuns i 105 s g X107
M 5 -M‘ ” uk m«g J‘JM
(¢ 0 0« ns - 0 .
v 50 0 sl 0 50 0 50 4] 58U
1 . 10“--'0- . 1c.o:v’mtw- 10-5 . 1/ ‘ot.:--m-'- 1 ‘04 e
5 ) w' : M |
0L 05 05 )
o M 0 0 N | : .l.'.l.'l-'-.. ) 0 uJ:HM"'
0 50 0 50 0 50 )] 80 0 50
<10% , L 210, R g 2107, 107
| 1\
Moot G| '.; ‘I. ' 0.5 'J"‘I' ) TIE v
) L PN DU, L TR )_" besa ' i DY
¢ 50 0 50 0 60 ) 80 0 &0
1 1.u" S [h. - w“l - 107 10"
‘, ~'n'.\ | | .| N 1 l -"_; | 1 {4 1 i I""
0 ! ‘ A o 0 @l"ﬂr 0 et ' n e - M 0k i
C 50 0 50 0 50 b] 50 0 50 . .
104, ) 10 o ) '_1(."‘ " " 107 Means ClUSte”ng Wlth
1 A N 2 M 24 clusters on H/Npo
Mo 4 M LA pop
C : 0 D b
¢ s o ®» o ® 2 %0 for 94 departments
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Some details about the estimation

“State” variable for the dynamics with a Backward-Euler time scheme by regions
without the S variables

X1 X, + Atf(x,, b.0)) (05 x=(E,LLR,A,H) € RS>
w1 | =1 b, +Arg't,,0,) |+ (1 Vn ) as the shape of b
; o Oy is undetermined
\Un+1)\ n ) 7

b(t) can be modeled by a logistic function during the first lockdown for example

db(t) = g(t) + du(t
o e Dy b0 =g+ —~_

b(1) = G(t) = by, —

Transmission

Wiener process

State transformation (“Twisted" UKF)

IN), Iogit(%), Iogit(%), Iogit(%) .

w(x) = Iogit(%), Iogit(D
q

-~ P 4 BORDEAUX Enseirh_
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Estimation transmission rate in 3 steps

1. Estimate the parameter b, ., using the data obtained before the lockdown namely
when b  should be constant.

( b(t) = G (1) )

IDF CVL BFC Norm. HDF GE PL Bret. NA Occ. AURA PACA Nat. avg.
binit 0.789 0.767 0.784  0.773 0.781 0.809 0.761 0.765 0.768 0.789 0.786 0.778 0.779
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Estimation transmission rate in 3 steps

1. Estimate the parameter b, ., using the data obtained before the lockdown namely

when b should be constant.

( b(t) = G (1) )

IDF CVL BFC Norm. HDF GE PL Bret. NA Occ. AURA PACA Nat. avg.
binit 0.789 0.767 0.784  0.773 0.781 0.809 0.761 0.765 0.768 0.789 0.786 0.778 0.779

2. Estimate the shape of b without the logistic function prior (i.e. g(¢) = 0) but setting b,,.,
at the value estimated during Step 1. ( db(1) = du(d) )

Kalman filters estimated transmission
over time in multiple regions

1st lockdown 2nd lockdown

=0

-
o
1

Estimated transmission rate b with g

05 Auvergne-Rhéne-Alpes  — Centre-Val de Loire
' Bourgone-Franche-Comté Grand Est
- Bretagne Hauts—de—France
lle—de-France — Occitanie
— Normandie — Pays de la Loire
0.0 — Nouvelle-Aquitaine Provence-Alpes-Cote d'Azur
- L 4 BORDEAUX E ﬂSBII‘h- 6\?} Q\ %Q)Q 6@0 6\(&
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Estimation transmission rate in 3 steps

3. In order to evaluate if these weekly plateaus are just a compensation of our lack of
prior information about b, we propose to fix g as a sum of 7 logistic functions

(db(t) = o() + dy(tj

Kalman filters estimated
transmission
over time in multiple regions

1st lockdown 2nd lockdown 1st lockdown 2nd lockdown

Population-weighed mean of
transmission rates

0

1.00 1 == 7 logistic functions fit 1.007

== \Weighted average estimate

0.75 1 0.75 1

0.50 1

0.50 1

0.25 1 0.25 1

Estimated transmission rate b

Estimated transmission rate b with g

o©

o

S
.

0.00 1

P P Py > » > » » >
6\@8 \\)\ Q)Q 6‘@0 é\{bs é\'bk'/ 'Q\/ QQ bQO é\(bs
Auvergne-Rhone-Alpes =~ — Centre-Val de Loire lle—de—France — Occitanie
Bourgone-Franche-Comté Grand Est — Normandie — Pays de la Loire
— Bretagne Hauts—de-France = — Nouvelle-Aquitaine Provence-Alpes—-Cote d'Azur
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3 1)
= ot Z '}: Iinlrr\'c-utiuu‘r (") + Z “j" Iizllvwvn' iuu'r (l:'

log(L2(¢))
r—1 = |
Modification of the transmission rate + 05w lpar and restavrants closure! * Wit)
. +58.VOC' () + BuW' (1) + +u'.
Covariate scale increase/decrease o (& + PuW (1)
NPI
Lockdown 1 - delay of 7 days -18% [-82% ; -T4%) Ny Kalman fllter§ ej?'t'mated
R R e transmission
. A 40 [ L0 A 5 1) \ . . . .
[().\t l()( ]\(l')“ nl- I hdh( )| --xlA |"~)(J/( v 2/(] g over tlme in multlple reglons
Post lockdown 1 - Phase 2 -48% [-50% ; -47%)] N 1st lockdown 2nd lockdown
Lockdawn 2 - delay of 7 days -54% [-57% ; -49%)| Ny 4
Lockdown 2 with opened shops 51% [-53% ; -49%)] Ny
Clusing schools -T% - 8% ;- 9% Ny 3
Barrier gestures -46% [-48% ; -44%) Ny D;“:’
Curfew at 6PM -30% [-33% ; -26%] Ny 2 ,
©
Curfew at 8PM -98% [-31% ; -25%) o =
(75}
Closing bars & restaurants (ref. W=0) -10% [-13% ; - 8% N\ -
ry » - 1- -
Closing bars & restaurants during summer (vs. ref.) - 8% [-11% ; - 4%] Ny
during winter (vs. ref.)  -11% [-14% ; - 8%] Ny
Other factors o | |
: n P » P P a
100% of VOC circulating 22% [15% ; 28%] Vs & Ny K & &
Weather effect during summer (ref. W = 0) -22% [-24% ; -21%) h Auvergne-Rhone-Alpes ~ — Centre-Val de Loire
during winter (ref. W = () 10% [ 9% ; 11%) Ve Bourgone-Franche-Comté — Grand Est
: — Bretagne Hauts—de—France
lle~de—France — Occitanie
— Normandie — Pays de la Loire
. v BORDEALX . — Nouvelle-Aquitaine Provence—Alpes—Cote d'Azur
- Enseirb-
____ lrezia— INP matmes
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Regression adjustment

Auvergne—-Rhbéne-Alpes Bourgone-Franche-Comté Bretagne Centre-Val de Loire
1.0 1
0.5
—~
Qo
S
(? 0.1
(@)]
O
~ Grand Est Hauts—de—France lle—de—France Normandie
5
— 1.04
- -
I 0.5
)]
L
& 0.1
7))
C
©
+—
o Nouvelle—Aquitaine Occitanie Pays de la Loire Provence—-Alpes—-Céte d'Azur
)
e
M® 1.0
£ 051
J—
7))
L
0.14
Q Q \) N Q Q Q N Q Q Q A Q N
FUNL L . R S SV AL S L S AL S L
& N & ¥ & & ¥V F ¥ & Yy F Y F
95% ClI === Population—-based Kalman filter estimation — Regression fit
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Attack rates & reproductive number

May 11, 2020 October 5, 2020
National French - 5.7% National French - 8.8% Basic reproductive number
| 3.10 [2.95; 3.26]
2.26% f; “iw |
" \1‘1_’.\29?) 10.2% ] ]
S e Effective reproductive number
= '3 ;;ﬁ; | | : — , 0;4% 3
March 28, 2021

National French - 25.3%

Estimated Rgs

» P > > P
6\(&/ Q\/ Q,Q/ 6@0/ (({DS/

Auvergne-Rhone-Alpes =~ — Centre-Val de Loire
Bourgone-Franche-Comté Grand Est

— Bretagne Hauts—de—France
lle—de—France — Occitanie

— Normandie — Pays de la Loire

- .  soREAVX [apinh — Nouvelle-Aquitaine Provence-Alpes—Céte d'Azur
_ lrnzéa— INP matnecs
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ILLUSTRATIVE EXAMPLE: SPHEROIDS ELECTROPORATION
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Concept of electroporation

Cell
Radius ~ 5 to 10 gum
Intra-cellular conductivity o,. ~ 0.5 to 1 S.m-"
Intra-cellular conductivity o, ~ 1 to 1.5 S.m-"

Cytoplasm

{Nucleus:

Membrane

Thickness & ~ 5nm

Permitivity € ~ 4.5¢,
Capacitance C,,
Conductance §,,,

- P 4 BORDEAUX Enseirh-
 lrrzéa— INP matmecs
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Concept of electroporation

High voltages pulses (100 < |E| < 3000 V.cm-1)
and short duration (~ 100 ys to 100 ms)

Cytoplasm

{Nucleus:

- P 4 BORDEAUX Enseirh-
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Concept of electroporation

Reversible electroporation
-y
High voltages pulses (100 < |E| < 3000 V.cm-) e L3

and short duration (~ 100 ys to 100 ms)

.
’ |
g Permeable >

| Viable cells
membrane
] ’
. Ae O
< LB

Cytoplasm

{Nucleus:

- P 4 BORDEAUX EﬂSBII‘h-
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Concept of electroporation

Reversible electroporation

High voltages pulses (100 < |E| < 3000 V.cm-1) , \g LS . . . .
‘ -

and short duration (~ 100 us to 100 ms) ’ Appl"_:atlons (II'I oncolo.gy)

Permeable - Viable cells * In vitro gene transfection

y membrane « Electrochemotherapy
'
‘ 4
< - -

Cytoplasm

{Nucleus:
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Concept of electroporation

Reversible electroporation

High voltages pulses (100 < |E| < 3000 V.cm-1) , \g 5 ... . .
‘ n
and short duration (~ 100 ys to 100 ms) Vi Y .Aplﬁl:/?tarl(t;or;ie(l?r::sc;:l?l?)x)
Permsable > Viable cells g
y Memorane « Electrochemotherapy
‘ Y4
< - =
Irreversible electroporation - -
o=~ o=~ \ Yo
Cytoplasm > ¢ . ¢ . 4 N
’ Very A} > ¥ Cell swelling % " b
I permeable 1 ¥ due to osmotic i > Neaeas
¥ membrane V¥ Imbalance » .
LN P 1N P ' ’
“am” “am” ‘~ 14
A
o ™ o ™
¢ s ¢ e
4 4
I Ve ' p» , Disturbed cell‘ > :
ZSESD L homeostasis | Apostosis
¥ membrane g | |
s ‘ Y4
< - = \d < LI g
-~ P 4 BORDEAUX Enseirh_
lrezia—~ INP matmecs
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Concept of electroporation

Reversible electroporation

High voltages pulses (100 < |E| < 3000 V.cm-1) ¢ \g 5‘
and short duration (~ 100 ys to 100 ms)
Permeable

' membrane

‘ 4

~._

Cytoplasm \g IS

’ Very A}

I permeable 1

¥ membrane §
A 4

- -

4 1}
’ Very 1
I permeable 1
¥ membrane g

A 4

Yam”’

o P 4 BORDEAUX Enseirh-
 lrzzéa— INP mstmecs

/
N

Applications (in oncology):

>

Viable cells

* In vitro gene transfection

+ Electrochemotherapy

Irreversible electroporation
o ™
¢ e
¥ Cell swelling %
> g

I due to osmoticll
V¥ Imbalance g

’ 1
P, Disturbed cell ;

' homeostasis

>

Apostosis

Applications:
« Tumoral ablation
« Cardiac ablation
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Concept of electroporation

Reversible electroporation

High voltages pulses (100 < |E| < 3000 V.cm-) ¢ \g 5 . . .
‘ -
and short duration (~ 100 ys to 100 ms) Vi Y Aplph(_:tatlons (I? oncfolt:.gy).
Zerrr:lf?t:e > Viable cells N VItro gene transrtection
y Memorane « Electrochemotherapy
‘ 4
< - -
Irreversible electroporation - -
- oy - oy T 4 ~
- - LS
Cytoplasm > ¢ N P . ’ .
’ Very A} > ¥ Cell swelling % " b
I permeable 1 ¥ due to osmotic i > Neaeas 1
¥ membrane V¥ Imbalance » .
1 8 P . P . ’
e’ e’ ‘~ "
L
o ™ o ™
. Y. ¢ Y.
1} ’ 1
I per\rﬁgble ; P, Disturbed cell ; > :
homeostasis Apostosis
¥ membrane g | |
s Y ‘ 4
“ - - g “ LI g

Applications:
« Tumoral ablation

Open questions: - Cardiac ablation

« Determine the treated zone
- Better understand the impact of reversible electroporation to develop efficient electrochemotherapy

o P 4 BORDEAUX Enseirh_
 lrzzéa— INP mstmecs
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Data presentation & Problematic

- Data have been provided by Institut de Pharmacologie et de Biologie Structurale, Toulouse.
- They correspond to volume evolutions of 83 spheroids (cell strain: HCT 116) over 250 h.

- Measurements are made using optical instruments.

Contral exparimant Electroporation experiment

‘ - Control\

Electrical Field {'\! om’’ )

I“E 0"\ n’E‘ O.S'
g £
£ £
€ 0.2
302 3
- =
0.1
0.1-
3 0.0
0 50 100 150 200 250 0 50 100 150 200 250
Time (h) Time (h)
59 spheroids divided into 4 categories
24 spheroi n . . : .
spheroids (3 and 24 are excluded) depending on the intensity of electrical pulses:

EF 0, EF 500, EF 1000, EF 2000 (V.cm-)
(9 will be excluded)

- Can we quantify the effects of electroporation on spheroids considering the intensity of the
pulses thanks to mathematical modeling?
___ lreia— NP B
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Free Growth - General Equations

System of partial differential equations

0.P+V-(VP)=1°0)(P+ Q) — ()P, Q(), Proliferative cells V-3V =%0)(P+0).
7’

0.0+ V- -(VQ) =t"2nP, Q). Quiescent cells is the velocity

Considering 0t ae " leadsto a Gompertz equation for the volume.

The term 777°¢ can be seen as the lack of oxygen.

(saturation

Healthy cell
hypothesis) @® riealhy cels

@ @ Quiescent cells
Proliferative cells

- . 4 BORDEAUX Enseirh_
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Electroporation - General Equations

- PDE System - Impacts of the electrical shock:
- (1) a part of proliferative and quiescent cells is

destroyed i.e. R(t,,) = pR(t,,),
* (2) the metabolism of a part of the cells is

Proliferative cells
0P+ V- -(VP)=19P+ Q) — 9P, Q1)
Quiescent cells

atQ +V - (7Q) — TPtOQP, Q) modified i.e. F(z s x) = A(P(¢ 5 x)+ O(t 15> X)), for
Cells with a modified metabolism x € Q2(1,),
0, F+V-(VF)=0,Q() - () the value of a appearing in the growth rate

7% = abe™"" increases. We denote by m the

multiplicative value: a, ., = ma.
Re-growth

Just before the e Just after the

0 . 0
. Healthy cells

“%“. . Quiescent cells

%o
Proliferative cells
og09g0>®

. .. .. Death cells
. . Cells with a new

P+QO+F=1,Q(%) .
(saturation hypothesis) metabolism

BBBBBBBB Enseirh_
Oreda INP fstres

universite
“BORDEAUX 116 ANNABELLE COLLIN



Electroporation - Radial Equations

- 1D PDE System
0P = — t6(r=21 - rl(t,1)0,P + t9(1 = F)(1 = P) — 1p,,x,P,  [0,t,,]1x[0,1] High quiescent proportion of

cells in the spheroid center
0.F = — %021 - rl(t,1))0,F — t°(1 — F)F, [0.£,,,,,] X [0,1]

T, — T
Pt _ b e
r 100 = T~ |+ e(R(z)(l—r)—d)
I = 1 — F)r2dr 0, ..] xX[0,1 ’
[0 ( rds [0 ] X 10,11 7., T, d, s fixed with the literature
R'= Re®I(t,1), [0:11a, Observation
Q=1-P+F), [0.7,,,,] X [0,1] =R
- Parameters to estimate: a, b, p, m, A
Just before the Just after the Re-growth
shock shock
®_0 ®_0 ®_0
ole ole0® 0200 ®
090920 %99 000 _%¢0 000 _%5% 000
0090%% 09 ©0408%% 0 %04 09 ©050°% 0,
08509900 5'c 08509500 5'e 08569500 5'e 08509500 5’0
0000950000 0090°05000 0090°05000 0020995029 iy cois
. (4 [ 4 o O (4 @) O (4 (4 O “. (4 [ < @ CQuiescent cells
P 000 00 P 00 00 P o (X ) Py @Q0®T @ @ roliferative cells
..... .““ 00 P .....
.. O .. .. O .. .. o .. .. o .. Death cells
Cells with a new
A. Collin, H. Bruhier, J. Kolosnjaj, M. Golzio, M.-P. Rols, and C. Poignard. Spatial mechanistic
. « BORDEAUX . modeling for prediction of 3D multicellular spheroids behavior upon exposure to high intensity pulsed
lrrzia—~ INP Fﬂgﬁ'{gsa electric fields. AIMS Bioengineering, 9(2):102-122, 2022.
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Electroporation - State observer

- Luenberger observer system

0,P = — 7021 - ri(t,1))0,P + 191 = F)(1 = P) = 2p,ppP,  [0,t,,,] x [0,1] High quiescent proportion of
cells in the spheroid center

0.F = — 1021 — rI(1,1))0,F — t9(1 — F)F, [0,t,,,] X [0,1] oo _ T, — 1,
r — % RO =) —d)
A A 1 —|— (44 s
— — 2
! [0 (1 = F)r2dr [0-2145¢ X 10,11 7, T,, d, s fixed with the literature
R = R:CI(1,1) —y,,()(R — R), [0,1,,,]
O=1-P+F), [0,¢,,,,1 % [0,1]

- Uncertainties reduced to the initial conditions
R(0) = Ry+ &, R(O0) =R,
P(0,r) = Py+ £, €[0,1] P(0) = P, € [0,1]
00,/)=1-P0O,r) 00O,r)=1-PO,r
FO,H=0 F0)=0

- P 4 BORDEAUX Enseirh_
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Electroporation - State observer

- Luenberger observer system
0P = —1(r™ — rl(1,1))0,P + t°(1 — F)(1 = P) = #p,, P,
0.F = — 1021 — rI(1,1))0,F — t9(1 — F)F,

[ = J (1 — F)r2dr
0
R’ = ReC1(2,1) ~{7, ()R ~ B);
O0=1-(P+F),

Proposition - [in a well-posed context]
may,

min
Ify o >

o

: ma ~ ~
If i > Tb +7,and P(0,-) € H*(10,[), the norm ¢ - || (1,

exponentially to O when 7 goes to + 0.

[0,4,,,,] X [0,1]
[0,4,,,,] X [0,1]

[0,4,,,,,] X [0,1]

[O’tlast]
[0,2/45:] X [0,1]

2
) )||L2(]0,1[)

High quiescent proportion of
cells in the spheroid center
Tp— T

RO -1 —d)
1+e 5

T, T,, d, § fixed with the literature

,L.PtoQ =17, —

, the radius ¢ — R(f) converges exponentially to 0 when ¢ goes to + .

converges

A. Collin. Population-based estimation for PDE systems — Applications in spheroids electroporation.

Submitted preprint, 2023.
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Electroporation - State observer

R 1P 2o
0.15 3 :
- Synthetic case - State observer - No observation error
1.6 : ; : 0.1 2
\
\
14F 0.05 1
\
\
1.2+ 0 0
| 0 100 200 0 100 200
/é\ 1+ 1 t (ms) t (ms)
= \ ) P at time 0 s ) Q@ at time O s ) P at time 36 s ) Q@ at time 36 s ) P at time 199 s ) Q@ at time 199 s
N— ‘ T T T T T T
o 08
| . 0.8 |08 0.8 108 0.8 X —
06 ——target || T T T T T T 7
‘ ® observations 0.6 106 0.6 .06 0.6 106t
0.4 —— freerun /_
| observer 0.4 104 0.4} |04 0.4 04}
0.2 : : T I e
0 50 100 150 200 0.2 | 02 0.2] | 0.2X 0.2/ — | 0.2
t (ms) :
0 ‘ 0 ‘ 0 ‘ 0 ‘ 0 ‘ 0 ‘
0 0.5 1 0 0.5 1 0 0.5 1 0 0.5 1 0 0.5 1 0 0.5 1
. - |R| 1P 220,10
- Synthetic case - State observer - Observation error (std = 0.08) 0.15 3
1.6 | 0.1 2
1.4+
| 0.05 1
12 | } | VJ\/\/.
. | e 0 0
g 1 g 0 100 200 0 100 200
E.’./ \ t (ms) t (ms)
- 0.8 : ) P at time 0 s ) Q@ at time O s . P at time 36 s ) Q@ at time 36 s ) P at time 199 s ) Q@ at time 199 s
\
o t(lS
0.6 —— target 0.8+ 108 0.8 108 0.8 L 08
® observations|| «—  f———————— ’
0.49 —— freerun 0.6 106 0.6/ | 06 0.6/ 106!
o o observer /'
0.2 ‘ ‘ ‘ 0.4+ 104 0.4 |04 041 L 04!
0 o0 100 150 200 | e——— ] —
t (ms) 0.2} 02 0.2 | 0.2& 0.2 02l
-~ P 4 BORDEAUX Enseirh- O 0 O 0 — 0 0
_ 1 ('/zm,._ |NP Matmeca 0 05 1 0 05 1 0 05 1 0 0.5 1__ 0 0.5 1 0 0.5 1
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Electroporation - Joint state and parameter observer

- Synthetic case (only free growth)

- Scenario: weak priors & false initial conditions with state observer -uenberger state observer

coupled with a Reduced-order

1.6 | Poattime 0 | P at time 180 s Unscented Kalman Filter
141 S o ¢ [} ‘ observer | . n
0.8l | sl - Time 7" | Generate p particles around the
1.2} . .
mean value using the covariance
T 1 0.6 reduced to parametric space
g
0.8+ 0.4 L
= Prediction
0.6 - 02!
04 o observer
' T o 0. . 1 0. - 1 Apply the stabilized model to this
0.2 ‘ ‘ ‘ : . : .
0 0 100 150 200 ; . particle to compute one time step
t (h)
Innovation
0.4 ‘ ‘ ‘ |
— target 15 {|=——target
b k .
b-1.96 sd, 5-1.96 sd, Compute the discrepancy w.r.t
0.3 1~ ~b+1.96 sd, 1 k+1.96 sdy the observations for each particle
10 -
- 0.2 ] < Correction
5 L
0.1+
Gather the errors the parameter
P
sensitivity hence the feedback
0 ‘ ‘ ‘ 0 ‘ ‘ ‘ correction
0 50 100 150 200 0 o0 100 150 200
t (h) t (h)
-~ P 4 BORDEAUX Enseirh_
— 1 lrrzia— INP matmeca
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Electroporation - Joint state and parameter observer

- Synthetic case (only free growth)

- Scenario: weak priors & false initial conditions with state observer -uenberger state observer

coupled with a Reduced-order

1 l , P attime0s | P at time 180 s Unscented Kalman Filter
091 observer | . n
0.8 | sl - Time 7" | Generate p particles around the
0.8 mean value using the covariance
£ 0.6 | 0.6 ] reduced to parametric space
g 0.7
o 0.4 : 0.41 -
0.6 @@ Prediction
0.2+ ] 02!
05! observer
| * et Apply the stabilized model to thi
® observations 00 0‘5 1 00 0‘5 1 PPy the stabllizea moael 1o IS
0.4 ‘ ‘ ‘ - ' '
0 =0 100 150 200 . . particle to compute one time step
t (h)
Innovation
0.4 ‘ : : : ;
— target 15 || = target k= a
b k - .
b-1.96 sd, h1.96 sd, b Compute the discrepancy w.r.t
0.3~ -b+1.96 sd, : k+1.96 sdj the observations for each particle
10}
= 0.2} ] < Correction
5 L
0.1}
Gather the errors the parameter
sensitivity hence the feedback
0 F=———— ‘ ——————— 0 —= ‘ correction
0 50 100 150 200 0 50 100 150 200
t (h) t (h)
-~ P 4 BORDEAUX Enseirh_
— 1 lrrzia— INP matmecs
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Electroporation - Joint state and parameter observer

- Synthetic case (only free growth)

- Scenario: weak priors & false initial conditions with state observer

1

l . P at time 0 s

observer

Criteria

Parameter

. P at time 180 s

Time 1"

Luenberger state observer

coupled with a Reduced-order

Unscented Kalman Filter

Generate p particles around the
mean value using the covariance
reduced to parametric space

Prediction

Apply the stabilized model to this

. " VEAN (50) b 0.00377 particle to compute one time step
BIAS (50) b -0.00279 Innovation
Ml MEAN (50) k 0.644 _a
b - b .
b-1.96 sd, BIAS (50) k 0.234 Compute the discrepancy w.r.t
0.3~ -b+1.96 sd, ‘ G the observations for each particle
10}
= 0.2} 0 Correction
5t
011 Gather the errors the parameter
sensitivity hence the feedback
o ——— ‘ ‘ 0 — ‘ correction
0 50 100 150 200 0 50 100 150 200
¢ (h) t (h)
-~ P 4 BORDEAUX E H h_
___ trzia— INP iistneea
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Population Kalman observer

- Population approach: compensate sparse sampling times and measurement uncertainties
by constraining the variability of the parameters in the population.

- Classical strategy: mixed effect approach (in this context for a population of 5 spheroids,
not so small space step, 2 parameters: ~80 minutes in an "equivalent" context).

A. Collin, M. Prague, and P. Moireau. Estimation for dynamical systems using a population-based
,,,,,,,, Enseirb- Kalman filter-Applications in computational biology. MathematicS In Action, 2022.
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Population Kalman observer

Population approach: compensate sparse sampling times and measurement uncertainties
by constraining the variability of the parameters in the population.

Classical strategy: mixed effect approach (in this context for a population of 5 spheroids,
not so small space step, 2 parameters: ~80 minutes in an "equivalent" context).

Objective: develop a population Kalman observer inspiring from mixed effect approach.

A population made of groups indexed by i: £ = PP 4 fi

Corresponds to least-square minimisation when Gaussian laws are considered ( \
1
3

min JT(€POP, ga I/) - = [épOP’ prOp] 5 -
gror 2 kapc)p)

N, T,obs

N, T
0] . n . 1 . . . 1 . . . . .
+ Z 5 (&7 = &PoP), (P~ (&= &PP)| + 5[ V@), (@)~ 'Wi()| dr + 5 Z i — h(@'(5), (W)™ () — h(z’(tk»]]
i= 0 = . . .
1 = A = F(t. 7)) + Bui(o)
2'(0) = 75+ ¢&'

A. Collin, M. Prague, and P. Moireau. Estimation for dynamical systems using a population-based
Kalman filter-Applications in computational biology. MathematicS In Action, 2022.

- . 4 BORDEAUX Enseirh_
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Population Kalman observer

Assuming ’[ha;[f = 2 a'E' with 2 a' = 1, one can prove that ( 51 )
min J(&",&.0) = Z[£, M & 6=
51?01?’51/ 5 pop
| Neop \

Z[ (&= &r), (Py)y ™" (&7 = &7°P)] + J V), Q)W) dt + = Z yi = h(zi (), (W) 1<yk h(z’(tk»]]

IS equivalent to

| N
1 T,0bs
ég})i? Jr(EPP,E V) = [5 &, PP e + = J [v(®), 00~ 'w(n)| d + = Z = hz(), W)™ (o = h(Z(tk))]:|

where P" is an invertible matrix of dimension N,,,, X N, defined by

1 — —1
pop — [ _____ 17 N
P() o <N2 1 Npop 1 Npop ® M+ [INpop I Npop p0p] ® P ) ’
pop pop

with 1 = ( l)T [ IR pop_

POP

BBBBBBBB Enseirh_
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Population Kalman observer

. pOp —_ i i . i —
Assuming thatcf = 2 a'E' with 2 a' = 1, one can prove that ( 51 )
min Jp(P%, &, v) = [ffp"p,M Erer| ¢ =
SN p0p
| Neop \5

Z[ (&= &r), (Py)y ™" (&7 = &7°P)] + J V), Q)W) dt + = Z yi = h(zi (), (W) 1<yk h(z’(tk»]]

IS equivalent to

N
1 T,obs
min J (&7, &.1) = [5 &, (PPP) 1 E] + = J [L(1), 0@y 'w(®)] dit + = Z [V = h(z(@), (W)~ 1(yk—h(z(tk))]]

where P" is an invertible matrix of dimension N,,,, X N, defined by

1 — —1

pop — (_____ 17 -
P() - <N2 1 Noop l Npop &M+ [INpop 1 Noop p0p] ® P ) ’

pop pop

with 1 = ( l)T [ IR pop_
POP
. The key of our uncertainty modeling is that Pg()p couples the population members since
popy—1
(PPP)~! %
nnnnnnnn Enseirb- \ P()_1)
_ Creia— INP e
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“BORDEAUX 124 ANNABELLE COLLIN



Validation on synthetic data

1.6 Cohort of 10 spheroids :
: 15 | ——target
14} : k
. : k-1.96 sdy,
Lol o Spheroid 6 ; k-+1.96 sdy,
g 1t Spheroid 2 P 10p
& P
o 08}
0.6 - S
0.4 -
[e®
0.2L : : : ‘ : s ‘ ‘ ‘
0 50 100 150 200 : 0 50 100 150 200
t (h) 5 t (h)
Spheroid 2 i Spheroid 2 i Spheroid 2
19 ) P at time 90 s ) Q@ at time 90 s 0.8
—target
b
1L b-1.96 sd,
0.6~ -b+1.96 sd,
0.8} :
P o 04
0.6}
0.2}
0.4 observer
.0 — target :
® observations : 0 ‘ 0 ‘
0.2 : : L ' : Ie—r——— — — — — = — — — — — — — —
0 50 100 150 200 0 0.5 10 0.5 1 0 50 100 150 200
t (h) ; T r i t (h)
Spheroid 6 ; Spheroid 6 ; Spheroid 6
14 ) P at time 90 s ) Q@ at time 90 s 0.8
— target
1.2 b
26 b-1.96 sd,
0.6~ -p+1.96 sd,
]_ L
0.8] P o 04
0.6}
0.2}
0.4/ 4 observer
e — target :
® observations : 0 ‘ 0 ‘
0.2 ! . . ! : (e ;
0 50 100 150 200 0 0.5 L0 0.5 Lo 0 50 100 150 200
t (h) 5 r r ; t (h)

- P 4 BORDEAUX Enseirh-
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Validation on synthetic data

Synthetic case

6 scenarios: strong priors (str. pr.), strong priors with state observer (str. pr. - so), weak priors (w. pr.),

weak priors with state observer (w. pr. - so), weak priors & false initial conditions (w. pr., f. IC), weak
priors & false initial conditions with state observer (w. pr., f. IC - s0)

Error = 0.08 Scenario w. pr., f. IC - so

MSE BIAS COV MSE BIAS 6{0)%
100 :

Ngr Ngs
100 fusseagec i _ ¢ (r, i) — Oc(r, 1)
MSE = NRNSZZ< 0;(r,1) )

r=1i=1

0.1

0.05 50 8 5 gy (r, i) — 0. (r, 0)

BIAS = NRNS ZZ |04 (7, 7)

0 0 0 Ngr Ng
0 10 20 0 0.04 0.08 0 0.04 0.08 0 0.04 0.08 STD = = N Zzae(r i)
STD for b ESTD for b BMIXED for b STD for b ESTD for b BMIXED for b
1 1 1 ’/
0.4 Ngr Ns Nr Ns
N 04
IS _ -7 ESTD = Oc (
r T 0.3 0.3 JNRNS;;( 0 NRNS;; TZ)
05/ == === = 0.5 | mgb= 0bk====== 05¢== mer
E Y 0.2} ==, —— 0.2 .
Soee = e == - o 1 2 0 N .
Sys ==== 0-1 \\\E\ e BMIXED = 7 N ; ;<ae’m(r’z) o (T’Z)>
sT=—=—wm- -
0 0 0 0 0 0
0 10 20 0 10 20 0 10 20 0 0.04 0.08 0 0.04 0.08 0 0.04 0.08
== == str. pr. Ng =
e S{T. PI. - SO - = Ng =

m— == W.pr. L daeeees Ng =10
—— W/, PI. - SO ———— Ng = 20
== == w. pr.,f IC —— Ng = 40
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Comparing with existing strategy

- Computational times on synthetic data

AIgO Am NS:1 NS:5 stlo NS:20 NS:4O
Algorithm 0.05 0.03 0.3 1 4 12
Algorithm 0.01 X X 3.5 X X
Algorithm 0.001 X X 60 X X

Function nlmefitsa | 0.05 X 80 X X X

 Parameters estimation on real data

Case EF500 (12 spheroids) EF1000-B (5 spheroids)
A Function nlmefitsa  0.22 (mean) - 0.092 (std) 0.37 (mean) - 0.012 (std)
Algo 0.37 (mean) - 0.035 (std) 0.36 (mean) - 0.045 (std)
p  Function nlmefitsa 0.89 (mean) - 0.014 (std) 0.82 (mean) - 0.086 (std)
Algo 0.90 (mean) - 0.0028 (std) 0.86 (mean) - 0.012 (std) .
m  Function nlmefitsa  1.11 (mean) - 0.024 (std) 1.40 (mean) - 0.16 (std) A percer?t of ,Ce”S W.h.OSG the
Algo 1.14 (mean) - 0.18 (std) 1.21 (mean) - 0.16 (std) metabolism is modified
- p percent of cells whose are
Case EF1000-A (6 spheroids) EF-2000 (14 spheroids) not destroyed
A Function nlmefitsa 0.77 (mean) - 0.10 (std) 0.97 (mean) - 0.065 (std) . -
Algo 0.69 (mean) - 0.04 (std) 0.92 (mean) - 0.0015 (std) m boost of resumptlon
p  Function nlmefitsa  0.17 (mean) - 0.010 (std) 0.0016 (mean) - 9x 10~ (std)
Algo 0.11 (mean) - 0.015 (std) 0.00097 (mean) - 2.1x1075 (std)
m  Function nlmefitsa 5.19 (mean) - 1.02 (std) X
Algo 5.3 (mean) - 0.77 (std) X

i P 4 BORDEAUX Enseirh-
 lrrzéa— INP matmecs
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Electroporation - Results
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