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Introduction
• Medical data

Time (hours)

Concentration plasma (mg/L)

12 patients

a. b. c. 

Figure 1: Images extracted from MRI T1 sequence with gadolinium contrast agent. The

meningioma region, highlighted by a green contour line, corresponds to times t0 = 0 day

(a), t1 = 169 days (b) and t2 = 330 days (c).

strategy to adopt. In the first place, an accurate, patient-dependent,
tumoral growth model should predict the tumoral mass (or volume)
evolution to help clinicians in the choice "removal surgery versus mon-
itoring". In the second place, the spatial resolution of the same growth
model should predict the meningioma extension in order to determine
the possibility of tumoral invasion in sensitive skull area.

2 Tumoral growth modeling, prediction and
simulation

The model

The model use in this paper is close to the one introduced in [9, 1]. The
description of the tumoral growth of meningioma is built from several
biological hypothesis:

• The tumoral cell density P increase is driven by the time-dependent
tumoral growth capacity M . (first equation of (1))

• The tumoral growth capacity is a scalar that decreases exponen-
tially over time with a characteristic ratio ↵. (second equation of
(1))

• The healthy cell density S is conserved over time. (third equation
of (1))

The choice of these hypothesis leads to a simple description of the
tumoral growth via the following PDE system:

8
>>>>>>><

>>>>>>>:

@P

@t
+r.(vP ) = MP

dM

dt
= �↵M

@S

@t
+r.(vS) = 0

(1)

3

CHU Bordeaux - MRI  T1 (with gadolinium contrast agent)

Tumor growth

Cardiac electrophysiology

Pharmacokinetics
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Introduction
• Link between all these phenomena?

a. b. c. 

Figure 1: Images extracted from MRI T1 sequence with gadolinium contrast agent. The

meningioma region, highlighted by a green contour line, corresponds to times t0 = 0 day

(a), t1 = 169 days (b) and t2 = 330 days (c).

strategy to adopt. In the first place, an accurate, patient-dependent,
tumoral growth model should predict the tumoral mass (or volume)
evolution to help clinicians in the choice "removal surgery versus mon-
itoring". In the second place, the spatial resolution of the same growth
model should predict the meningioma extension in order to determine
the possibility of tumoral invasion in sensitive skull area.

2 Tumoral growth modeling, prediction and
simulation

The model

The model use in this paper is close to the one introduced in [9, 1]. The
description of the tumoral growth of meningioma is built from several
biological hypothesis:

• The tumoral cell density P increase is driven by the time-dependent
tumoral growth capacity M . (first equation of (1))

• The tumoral growth capacity is a scalar that decreases exponen-
tially over time with a characteristic ratio ↵. (second equation of
(1))

• The healthy cell density S is conserved over time. (third equation
of (1))

The choice of these hypothesis leads to a simple description of the
tumoral growth via the following PDE system:

8
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@P

@t
+r.(vP ) = MP

dM

dt
= �↵M

@S

@t
+r.(vS) = 0

(1)

3

Temporal evolution of some quantities … 
Dynamic process

• Can we model these processus?

Yes: using physical or biological laws … 

Lead to Ordinary Differential Equations or Partial Differential Equations 

if spatial aspects!

• And why?

Very important: What is the clinical question?

Objective: help clinicians to establish a diagnosis ; to improve the patient follow-up: 
surgery? treatment? …
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Introduction

• Step 0: Define a specific clinical question 

• Step 1:  Write a model (or models…)

• Step 2: Mathematical study of the solution of the model 

• Step 3:  Approximation of the solution using a numerical scheme (in case of non explicit solution)

• Step 4: Patient-specific simulation using available data

Presentation of the strategy based on 3 examples:
• Pharmacokinetics
• Cardiac electrophysiology 
• Tumor growth
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Modeling: pharmacokinetics

Linear ODE
Conservation laws

ka
<latexit sha1_base64="HI53Sfn0iPn8zlnKZH0Hibc9BWc="></latexit>

ke
<latexit sha1_base64="IejwsyIMYd1UEktFcMOpM7pupR8="></latexit>

UP (V0)
<latexit sha1_base64="JkHynfM5B/RaNlRfvexOi8JODuc="></latexit>

AGI
<latexit sha1_base64="pPO8S65570LUNd4VciYn4BMDewU="></latexit>

• Pharmacokinetics one-compartment model with first-order absorption and elimination

�
ȦGI = �kaAGI
U̇P = ka

V0
AGI � keUP

<latexit sha1_base64="RRrxBnbFw6w9WbyMQ0HpU8SuWzg="></latexit>

AGI Dose in Gastro-intertinal compartment (mg)

UP Concentration Plasma compartment (mg/L)

ka Drug absorption rate (h�1)

ke Drug elimination rate (h�1)

V0 Volume of distribution (L)
<latexit sha1_base64="cFieIncDx/EMoQBRwmXpDXUEn6s="></latexit>

ka

ka/V0

ke

temporal evolutions

AGI UP
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Clinical question: pharmacokinetics

Linear ODE
Conservation laws

• Pharmacokinetics one-compartment model with first-order absorption and elimination

�
ȦGI = �kaAGI
U̇P = ka

V0
AGI � keUP

<latexit sha1_base64="RRrxBnbFw6w9WbyMQ0HpU8SuWzg="></latexit>

AGI Dose in Gastro-intertinal compartment (mg)

UP Concentration Plasma compartment (mg/L)

ka Drug absorption rate (h�1)

ke Drug elimination rate (h�1)

V0 Volume of distribution (L)
<latexit sha1_base64="cFieIncDx/EMoQBRwmXpDXUEn6s="></latexit>temporal evolutions

AGI UP

o Real observations
— Estimation
- - Standard deviation

        ka               ke                  V0

    0.6924   -3.0547    3.4033
    0.7421   -2.3973    3.4982
    0.6923   -2.5440    3.5403
    0.3292   -2.6008    3.4775
    0.6262   -2.5827    3.2786
    0.3073   -2.5252    3.8100
   -0.1602   -2.5062    3.5986
    0.3842   -2.5088    3.6314
    1.3929   -2.6230    3.7059
   -0.3844   -2.6935    3.2786
    1.0531   -2.4339    3.6792
    0.0366   -2.4369    3.2556

• Using time-sampled observations of UP, can we estimate the parameters ka, ke, and V0 and then 
personalise the treatment by adapting the dose for instance?

Yes! Using inverse problem
(program of the 2 next days)
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Modeling: cardiac electrophysiology

   Electrical activity = origin of the 
mechanical activity

Right ventricle

Left ventricle

Right atrium

Left atrium
Aorta

Pulmonary
Artery

Blood circulation in the heart
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Modeling: cardiac electrophysiology
• Two modeling scales

Repolarization

Depolarization

9P

t

Ionic model

Atria

Ventricles

Atria

Ventricles

Diffusion

XH
XL

9P = XL � XH
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Modeling: cardiac electrophysiology
• Cell scale: ionic model

Hodgkin–Huxley type models represent the biophysical characteristic of cell membranes

Intracellular medium

Extracellular medium

Cm
<latexit sha1_base64="PxCYTyoLqdWbcHQJdVLpHF+7IW8="></latexit>

Capacitance 
(represents the 
lipid bilayer)

Leak ion 
channels

Voltage-gated 
channels

Electrochemical 
gradients

Ion pumps 
and 
exchangers Ip

XH
XL

9P = XL � XH

Hodgkin, A. L., & Huxley, A. F. (1952). Currents 
carried by sodium and potassium ions through 
the membrane of the giant axon of Loligo. The 
Journal of physiology, 116(4), 449-472.
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Modeling: cardiac electrophysiology
• Cell scale: ionic model

XH
XL

9P = XL � XH

Voltage-gated 
ion channels

I = CmV̇m + Iion
<latexit sha1_base64="ALGkHIZDOZYb19TvDujcKZ6TPa4="></latexit>

Iion = gKn4(Vm � VK) + gNam3h(Vm � VNa) + gl(Vm � Vl)
<latexit sha1_base64="dayXGJMqx7G829YFZsL/MviQYwA="></latexit>

ṗ = �p(Vm)(1� p) � �p(Vm)p, p = n,m, h
<latexit sha1_base64="oY9IL8EeDAEfiB3ykS5Ok0ULgTQ="></latexit>

IK
<latexit sha1_base64="xPJoqYnqZMy6mZ2Sgmi6kDekcxM="></latexit>

IL
<latexit sha1_base64="cgHwc9BLhUEfCgkxZIzpO6UoTJw="></latexit>

INa
<latexit sha1_base64="O9Q5d0vrK/bGQG00veDt16E89q8="></latexit>

Leak channel

Non linear ODE
Conservation laws

Hodgkin, A. L., & Huxley, A. F. (1952). Currents 
carried by sodium and potassium ions through 
the membrane of the giant axon of Loligo. The 
Journal of physiology, 116(4), 449-472.
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Modeling: cardiac electrophysiology
• Cell scale: ionic model

Luo-Rudy model

Non linear ODE
Conservation laws

Luo, C. H., & Rudy, Y. (1991). A model of the 
ventricular cardiac action potential. Depolarization, 
repolarization, and their interaction. Circulation 
research, 68(6), 1501-1526.
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Modeling: cardiac electrophysiology
• Cell scale: ionic model

Phenomenological model
Example of Mitchell-Schaeffer model
(two state variables …)

Jin
<latexit sha1_base64="D/JvPPOEjCFCC+/qLm5DjeP9sUs="></latexit>

Jout
<latexit sha1_base64="INMk8lRaElaM/i1St5iKkWZ/8M4="></latexit>

I = CmV̇m + Iion
<latexit sha1_base64="ALGkHIZDOZYb19TvDujcKZ6TPa4="></latexit>

ẇ+ g(Vm,w) = 0
<latexit sha1_base64="FOGEmcF1WCVzM8t9lPn7zcB2aJQ="></latexit>

Iion =
w
�in

(Vm � Vmin)2(Vm � Vmax)

Vmax � Vmin
� Vm � Vmin

�out(Vmax � Vmin)
,

g(Vm, w) =

�
���

���

w
�open

� 1
�open(Vmax � Vmin)2

if Vm � Vgate,

w
�close

if Vm > Vgate,
<latexit sha1_base64="XMLJdXlWoWXr8mQ122XniBK2Ddc=">AAAMvHicrVZNbxs3EFXcr0h1m6Q99kLUcGMXjiE5hwYFEgSxHCepE9uRowTx2gKXS60Ic7kbkivbIXjutf0Z/Un9Kz119kPyLlfOKQtIot57M5wZzpL0E86U7nb/vbH0xZdfff3NzXbn2+Xvvr91+84PQxWnktA3JOaxfOdjRTkT9I1mmtN3iaQ48jl9659tZ/zbKZWKxeJIXyb0JMKhYGNGsAZodOfGf55PQyYM/ZDm0K8WeR </latexit>

Non linear ODE
Behaviour laws

Mitchell, C. C., & Schaeffer, D. G. (2003). A two-
current model for the dynamics of cardiac 
membrane. Bulletin of mathematical biology, 65(5), 
767-793.
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Modeling: cardiac electrophysiology
• Heart scale: bidomain model

Atria

Ventricles

Atria

Ventricles

Diffusion

�
��

��

Am

�
Cm

�Vm

�t
+ Iion(Vm, · · · )

�
� div

����i · ��Vm
�

= div
����i · ��ue

�
+ Iapp,

div
�����i + ���e

�
· ��ue

�
= �div

����i · ��Vm
�
,

<latexit sha1_base64="Ivap/ef9Nne1CHwbIqqZds7jCV8="></latexit>

L. Tung. A bi-domain model for 
describing ischemic myocardial d-c 
potentials. 1978.

Non linear PDE
Conservation laws
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Clinical question: cardiac electrophysiology

Pathological area
• One example:  Atrial fibrillation

The strategy allows 
to reconstruct the whole 
signal and help to determine the 
pathological areas

Real data (Lyric institute) 
Left atrium
Incomplete spatial data

A. Collin, D. Chapelle, P. Moireau. A Luenberger observer 
for reaction-diffusion models with front position data. 
Journal of Computational Physics, Elsevier, 2015
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Modeling: cardiac electrophysiology
• Electrocardiograms

Ribs

VentriclesAtria

Lungs

ё ё

�їH[W
%

R L

F

V 1 V 2
V 3

V 4V 5
V 6

Body diffusion

Body = Isolated domain

Coupling conditions between the heart and the body
Weak coupling

Recording of the potential
Measure the difference of potential at multiple locations on the body 
surface

I = uT(L) � uT(R) V 1 = uT(V1) � uw
II = uT(F) � uT(R) V 2 = uT(V2) � uw
III = uT(F) � uT(L) V 3 = uT(V3) � uw

aVR = 1.5(uT(R) � uw) V 4 = uT(V4) � uw
aVL = 1.5(uT(L) � uw) V 5 = uT(V5) � uw
aVF = 1.5(uT(F) � uw) V 6 = uT(V6) � uw

<latexit sha1_base64="RrBDwOZ3/CZ3cYaFHcnwUuWNTSs="></latexit>
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Linear PDE
Conservation laws

� div(�T
��uT) = 0, �B

Rp(�T
��uT) ·�n + uT = ue,��heart

B

�T
��uT ·�n = 0, ��ext

B
<latexit sha1_base64="e8eLOxvFHlYBFKa2tigxLYQnTpE="></latexit>

Schenone, E., Collin, A., & Gerbeau, J. F. (2016). 
Numerical simulation of electrocardiograms for full 
cardiac cycles in healthy and pathological conditions. 
IJNMBE, 32(5), e02744.
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Clinical question: cardiac electrophysiology

Body surface potentials

Heart and torso geometries

Inverse problem

Electrodes vest  (multiple surface 
ECG recordings)

Images (CT, MRI)

See Friday afternoon

 18



ANNABELLE COLLIN 

Modeling: tumor growth
• No spatial aspects: volume model … 
• What are minimal biological processes able to recover the kinetics of (experimental) tumor 

growth?
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Competition

Tumor growth

What are minimal biological processes able to recover the kinetics of (experimental) tumor 
growth?
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Fits very well 
Lacks physiological interpretation

Benzekry et al., PloS Comp Biol, 2014
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Since the viable tumor mass, mv, is the product of the total
number of viable cells and the average mass of a cell, mc, we have
mv~Nvmc leading to

BT~(
Bc

mc
)mvz(

Ec

mc
)
dmv

dt
ð5 Þ

This first-order differential equation, representing conservation of
energy, explicitly links properties of tumor cells (Bc, Ec, and mc)
with properties of the whole tumor (BT and mv). Consequently, it
provides a simple, but powerful, way to integrate important
features and results from different areas of cancer research.
Solving this equation to determine tumor growth requires
knowledge of how tumor metabolic rate, BT , depends on its
viable mass, mv, to which we now turn.

Model for tumor vascular system and the prediction of
metabolic rate. Tumor metabolic rate, BT , is proportional to
the sum of the rates of cellular fermentation and aerobic
respiration. For avascular tumors, BT depends on the diffusion
rate of nutrients and oxygen from the surrounding environment
[18]. For vascular tumors, BT is proportional to the total blood
volume flow rate to the tumor, _QQT , consistent with observations
that glucose and oxygen consumption rates vary linearly with
blood flow rate [19]. The dependence of _QQT on mv and host mass,
M, is determined by the structure, dynamics and interaction of the
tumor and host vasculatures. Here, we develop a complete
analytical model of tumor vascular networks applicable
throughout different phases of development by deriving the
allometric scaling of tumor rates and times with host body size
and capillary density. Although the importance of the vascular
interface between the tumor and the host has been previously
recognized, our work is a novel attempt to mechanistically model
its role in tumor growth [10–12,20].

Mounting evidence suggests that some tumor vascular networks
exhibit fractal-like properties similar to those of the circulatory
system [21–23]. To analyze tumor vasculature, we borrow from an
idealized framework that has proven successful for quantitatively
understanding the circulatory system. This framework assumes
that in healthy tissue the vasculature is space-filling, minimizes
energy loss and has invariant terminal units (capillaries) [1]. We
compare these optimal networks with measures of tumor
vasculature, while retaining the assumption of invariant capillaries.

To facilitate comparisons between healthy and tumor vascula-
ture, we introduce scaling ratios for radii and lengths of vessels
across levels, k, of the network. We treat all branches at the same
level, k, as having similar properties and assume a constant
branching ratio, n–the effective number of daughter vessels for
each mother vessel [1]. Following West et al 1997 and Gevertz et
al 2006, we model blood vessels as cylinders, similar to the Krogh
model [1,11]. The capillaries define the lowest level k~N while
the largest vessels feeding the tumor define k~0 (Fig. 1). We
introduce scale factors for the ratio of daughter to mother vessel
radii:

rkz1

rk
~n{a ð6 Þ

and similarly for daughter to mother vessel lengths:

lkz1

lk
~n{b ð7 Þ

The exponents, aand b, can be used as quantitative diagnostics for
comparison with healthy tissue, where theory predicts and data

support a~1 =2 for large vessels and a~1 =3 for small vessels (from
energy minimization) and b~1 =3 for all vessels (from space filling)
[1]. Deviations from these values indicate the degree to which
optimization and space-filling are violated during tumor growth.

For healthy tissue, aand bare approximately independent of k,
indicating that the network has a fractal-like structure, as observed.
To determine if tumor vascular networks have similar geometric
structure, we observe that for vessel radii, rk

r0
~n{ka, where r0 is

the largest vessel in the hierarchy, and taking the log of both sides
and rearranging yields log rk~({alog n)kzlog r0 , and similarly
for vessel lengths log lk~({blog n)kzlog l0 , so plotting log rk

and log lk versus k should yield straight lines whose slopes are
{alog n and {blog n, respectively, if a and b are constant.
Figs. 2a, 2b show data from various tumors, indicating that tumor
vasculature does indeed exhibit approximately fractal behavior, in
agreement with other studies [22,24].

The metabolic rate of the tumor, determined by oxygen and
nutrient availability, depends on its capillary density, which is
controlled by the scaling factors a and b. In File S1 we derive the
relationship between the metabolic rate, tumor size and vascular
architecture:

BT~B0 (M)mb
v ð8 Þ

where b~1 if 2 azbƒ1 , but ~1 =(2 azb) otherwise, and B0 (M)
is a normalization factor that depends on the host mass, M. For
healthy tissue, where capillary density is controlled by large-vessel

scaling, this gives b~3 =4 , in agreement with data (B!M3 =4 ) for
large mammals [25]. For tumors too small to support significant
pulsatile flow, or whose host supply vessels are likewise too small,
theory predicts a&1 =3 . So, if their vasculature is space-filling,
b~1 and their metabolic rate scales linearly: BT~B0 (M)mv [1].

As tumor vasculature becomes increasingly inefficient and/or
attaches to host supply vessels sufficiently large to deliver pulsatile

Figure 1. Schematic of tumor growth model. (a) Vascularized
tumor supplied by blood siphoned from host vasculature. White area
represents viable tissue, while grey represents necrotic core. (b)
Schematic of vascular network composed of tubes. (c) Topological
model of tumor and host network beginning with feeding vessel (k = 0)
and terminating at the capillary level (k = N).
doi:10.1371/journal.pone.0022973.g001

Tumor Growth and Vascularization Theory
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Power law

Fits very well 
Has physiological  
interpretation
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Benzekry, S., Lamont, C., Beheshti, A., Tracz, A., Ebos, J. M., Hlatky, 
L., & Hahnfeldt, P. (2014). Classical mathematical models for 
description and prediction of experimental tumor growth. PLoS 
computational biology, 10(8), e1003800.

Non linear ODE
Behaviour laws
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Modeling: tumor growth P - tumor cells

S - healthy cells

P + S = 1
• Gompertz like model for tumour cells P

�t P + � · (v P) = MP,

• Outside the tumour
�t S + � · (v S) = 0.

�t M = ��MP,
where M is the vasculature

the decreasing rate of M.with �

� · v = MP

• Darcy law representing the cell density velocity

�with     the pressure.
v = ���,

Non linear PDE
Behaviour law
(physiological interpretation)
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Clinical question: Tumor growth
• Predict the volume and the shape of the tumor using the first exams. Meningioma example.

a. b. c. 

Figure 1: Images extracted from MRI T1 sequence with gadolinium contrast agent. The

meningioma region, highlighted by a green contour line, corresponds to times t0 = 0 day

(a), t1 = 169 days (b) and t2 = 330 days (c).

strategy to adopt. In the first place, an accurate, patient-dependent,
tumoral growth model should predict the tumoral mass (or volume)
evolution to help clinicians in the choice "removal surgery versus mon-
itoring". In the second place, the spatial resolution of the same growth
model should predict the meningioma extension in order to determine
the possibility of tumoral invasion in sensitive skull area.

2 Tumoral growth modeling, prediction and
simulation

The model

The model use in this paper is close to the one introduced in [9, 1]. The
description of the tumoral growth of meningioma is built from several
biological hypothesis:

• The tumoral cell density P increase is driven by the time-dependent
tumoral growth capacity M . (first equation of (1))

• The tumoral growth capacity is a scalar that decreases exponen-
tially over time with a characteristic ratio ↵. (second equation of
(1))

• The healthy cell density S is conserved over time. (third equation
of (1))

The choice of these hypothesis leads to a simple description of the
tumoral growth via the following PDE system:

8
>>>>>>><

>>>>>>>:

@P

@t
+r.(vP ) = MP

dM

dt
= �↵M

@S

@t
+r.(vS) = 0

(1)

3

t0 = 0 t1 = 169 days t2 = 330 days

CHU Bordeaux - MRI  T1 (with gadolinium contrast agent)

Target shape
Estimated shape
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Clinical question: Tumor growth
• Can we predict the relapse using the treatment response? Lung cancer (with EGFR mutation) 

example.

hazard rate = 0.2571 
[0.0889, 0.7431]
p-value = 0.025 
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Time evolution of the densities of proliferative (red) and necrotic (green) cells for 3 
patients with the time evolution of the volume (in blue).
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Numerical resolution
• Well posed problem: existence and uniqueness of a solution

• Why?
• Allows to better understand the problem
• Compatibility with initial condition ; boundary conditions ; source term …

• How?
• Mathematical theorems (Cauchy-Lipschitz for ODE ; Lax Milgram for PDE for instance)
• In most cases, the unique solution is not explicit … 

★ Numerical approximation of the solutions … 

 24
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Numerical resolution - ODEs
• First-order differential equation �

�

�
y �(t) = f (t, y(t))

y(t0) = y0
<latexit sha1_base64="0UXgKSifd36tQ7+CAAGs+GjqvIA="></latexit>

• Euler method
finite difference approximation

• Let h a step size,  we construct the sequence t0, t1 = t0 + h, t2 = t0 + 2h, … 
• We denote by yn a numerical estimate of the exact solution y(tn).
• Euler and backward euler methods

yn+1 = yn + h f(tn, yn)
<latexit sha1_base64="QEoHuibxB0+pbBd4M4xKHP+0xOM="></latexit>

yn+1 = yn + h f(tn+1, yn+1)
<latexit sha1_base64="oOKkiAFwU8pzAjHQaQS7qQgwl+4="></latexit>

• A method converges if 
lim
h�0

max
n=0,··· ,N

�yn � y(tn)� = 0
<latexit sha1_base64="gsugek36CDTZCHnJj7s0Aae8dxw="></latexit>

• The method has order p if

+ …

�yn � y(tn)� = O(hp+1)
<latexit sha1_base64="lgcpMGUGwQgfTMD77TmFbkiT3UU="></latexit>

• Euler and backward Euler method have order 1 … Can we do better?

y(t + h) = y(t) + h y �(t) + O(h2) = y(t) + h f(t, y(t)) + O(h2)
<latexit sha1_base64="pTScDMRHsVGsN+c8M5YNH+SSfNw="></latexit>

y �(t) =
y(t + h) � y(t)

h
+ O(h)

<latexit sha1_base64="0Ibx9X1ZDihmmGCYQWOjjQMkHHE="></latexit>
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Numerical resolution - ODEs
• Runge-Kutta methods

• Introduction of intermediate steps 

• Exact solution of the problem

• Quadrature rules

• Runge-Kutta methods of order q write

tn,i = tn + ci h, ci � [0, 1]
<latexit sha1_base64="iOSNoEQc8zMzuI4KgyRqeRnRw+M="></latexit>

y(tn,i) = y(tn) + h
� ci

0
f(tn + u h, y(tn + u h))du

y(tn+1) = y(tn) + h
� 1

0
f(tn + u h, y(tn + u h))du

<latexit sha1_base64="mAC5TnRg5LVv6yGBvfW+lJF4tiE="></latexit>

� ci

0
g(u)du =

i�1�

k=1

ai,kg(ck) + O(hi�1),
� 1

0
g(u)du =

q�

k=1

bkg(ck) + O(hq)
<latexit sha1_base64="C4Q7FLMWs7SEBR8Z4HT9jEoYXhw="></latexit>

�i � 1, · · · q,

�
���

���

tn,i = tn + ci h

yn,i = yh + h
�i�1

k=1 ai,kpn,k

pn,i = f(tn,i, yn,i)

yn+1 = yn + h
q�

k=1

bkpn,k

<latexit sha1_base64="DO2tbGJ7kiYjBtaafNysd+/3fTI="></latexit>
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Numerical resolution - ODEs
• Linear multistep methods (explicit and implicit methods)

• Introduction of intermediate steps Use previous steps

• The method has order p if

yn+1 =
q�

i=0

�iyn�i + h
q�

i=0

�ifn�i

<latexit sha1_base64="j/+yexxjvX3RtN6hFDcu6A2Sj0I="></latexit>

yn+1 =
m�1�

i=0

�iyn�i + h
m�1�

i=�1
�i f (tn�i, yn�i)

m�1�

i=0

ai(�i)k + k
m�1�

i=�1
bi(�i)k�1 = 1

<latexit sha1_base64="J1OrQi0mR1K/pJR4lkuXhChaUps="></latexit>

• Difference between Runge-Kutta and linear multistep methods

Memory (space complexity)Computational time

Initial conditions!

Evaluations of f Save fn-i
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Numerical resolution - PDEs
• And for PDEs? Objective: Convert a PDE into a system of equations, which can then be solved 

by matrix algebra techniques

hx
hy

yi,j
<latexit sha1_base64="8PdLUDEnKr4ptClOjFPEyYQZo2I="></latexit>

yi,j+1
<latexit sha1_base64="ALfN05eEJv4EAb8ykWygEtXSdtY="></latexit>

• Most classical methods: values are calculated at discrete places on a meshed geometry.
• Finite difference method. Finite difference approximates the spatial derivatives. 

Limited to structured geometry.
• Finite element method. Subdivision of a large system into smaller, simpler parts that 

are called finite elements.  Based on variational methods (divergence theorem).
• Finite volume method.  Volume integrals that contain a divergence term are converted 

to surface integrals, using the divergence theorem. These terms are then evaluated as fluxes at 
the surfaces of each finite volume. Conservative method (flux entering a given volume is identical 
to that leaving the adjacent volume).

• After space and time discretizations, the problem can be rewritten as

�
���

���

�

�
Am

�
Cm

�Vm

�t
+ Iion(Vm, · · · )

�
Ṽ1 +

�

�
(���i · ��Vm) · ��Ṽ1 + (���i · ��ue) · ��Ṽ1 =

�

�
IappṼ1,

�

�
((���i + ���e) · ��ue) · ��Ṽ2 +

�

�
(���i · ��Vm) · ��Ṽ2 = 0,

<latexit sha1_base64="JtDJQyigiNDbKUYiud63jpaPaH4="></latexit>

Ax = b (linear) or F(x) = 0 (non linear),  x � Rn
<latexit sha1_base64="CMI2uGo+CX5eLIJDWQtT3SqFJ0g="></latexit>
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Numerical resolution - PDEs
• Linear systems:

• Direct solvers (find the exact solution)
•  Gauss (LU decomposition with pivoting)

•  Cholesky (hermitian positive definite matrix)

•  QR decomposition.

• Iterative solvers (approximate the solution, for big systems for instance)

•  Jacobi (for diagonally dominant matrix)

• Gauss-Siedel

A = LU,    L lower triangular matrix, U upper triangular matrix

A = LL*,    L lower triangular matrix

A = QR,    Q orthogonal matrix, R upper triangular matrix

A = M-N with M inversible and very easy to inverse
xk+1 = M-1Nxk + M-1b

A = D-R with D diagonal of A

A = L+R, L lower triangular component and R strictly upper triangular component

Solve Ax = b
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Numerical resolution - PDEs
• Non linear systems (also used for implicit ODE time schemes):

• Newton-Raphson method Solve F(x) = 0

• Alternative methods are available in the litterature (depending of the properties of F)

xn+1 xnxn+2

f(xn)

f(xn+1)

function tangent lines

The formula for converging on the root can 
be easily derived. Suppose we have some 
current approximation xn. Then we can 
derive the formula for a better 
approximation,  xn+1 by referring to the 
diagram on the left. The equation of the 
tangent line to the curve y=F(x) at the point 
x = xn is
y = f ’(xn)(x-xn) + f(xn). The x-intercept of this 
line is then used as the next approximation 
to the root xn+1
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Patient-specific 
simulation
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Patient-specific simulation
• 12 patients versus 1 model

Time (hours)

Concentration plasma (mg/L)

12 patients

Pharmacokinetics

�
ȦGI = �kaAGI
U̇P = ka

V0
AGI � keUP

<latexit sha1_base64="RRrxBnbFw6w9WbyMQ0HpU8SuWzg="></latexit>

AGI Dose in Gastro-intertinal compartment (mg)

UP Concentration Plasma compartment (mg/L)

ka Drug absorption rate (h�1)

ke Drug elimination rate (h�1)

V0 Volume of distribution (L)
<latexit sha1_base64="cFieIncDx/EMoQBRwmXpDXUEn6s="></latexit>

• Inverse problem: recover the parameters and/or the initial conditions which have 
produced some observations
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Patient-specific simulation

�tP + � · (vP ) = MP

<latexit sha1_base64="7rUhmfm+TsJsu3ex2gJwIiTCAas="></latexit><latexit sha1_base64="7rUhmfm+TsJsu3ex2gJwIiTCAas="></latexit><latexit sha1_base64="7rUhmfm+TsJsu3ex2gJwIiTCAas="></latexit><latexit sha1_base64="7rUhmfm+TsJsu3ex2gJwIiTCAas="></latexit>

Model Data

Data assimilation

Model
State u 
(ODE or PDE unknown)
Parameters 
Uncertainties on the 
parameters, on the 
initial condition … 

Data
Partial in time/space 
Noisy
Comparison with the 
state of the model can 
be difficult
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Model
State u 
(ODE or PDE unknown)
Parameters 
Uncertainties on the 
parameters,
on the initial condition … 

Data
Partial in time/space 
Noisy
Comparison with the 
state of the model can 
be difficult

Observations z

�
�

�

u̇(t) = A(u, �, t)
u(0) = u� + �u

�(0) = �� + ��
<latexit sha1_base64="+bWBd/j6/QrRoRWKEFuZ2ShpFSk="></latexit>

(u�, ��), a priori
(�u, ��), unknown parts

<latexit sha1_base64="R2DhNNOhgWjNuG5PcFPcZsHQobU="></latexit>

Data assimilation
Strategies for coupling the informations

 under the constraint of the model dynamics

with � = (��, �u)
<latexit sha1_base64="e+/gcbW36hJbmq+gBLIumCt/aVg="></latexit>

We can also include error in the dynamical system.

Find    which minimizes the discrepancy

(where C is the observation operator)

�
<latexit sha1_base64="aUw79aUpwoLyiYw/tjMYTOuatmI="></latexit>

z � C(ū|� )
<latexit sha1_base64="DEbvWEXt6XtUGH7YIxRsDvUcauM="></latexit>

�
˙̄u|� (t) = A(ū|� , �� + ��, t)
ū|� (0) = u� + �u

<latexit sha1_base64="VxJtIRoIzDil7ApFCEUgoKQpe5E="></latexit>

Patient-specific simulation

Many strategies are available with many formalisms as you 
will in next days :) 
But in every cases there are: 

• a dynamical model (linear or not)
• an observation model (linear or not) which leads to a 

discrepancy
• a functional to minimize (or maximize)
• an optimization algorithm
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