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 Medical data

Concentration plasma (mg/L)

|2 patients

0 5 10 15 20 25
Time (hours)
CHU Bordeaux - MRI T1 (with gadolinium contrast agent)
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Introduction

 Link between all these phenomena?

Temporal evolution of some quantities ...
Dynamic process

« Can we model these processus!?

Yes: using physical or biological laws ...

Lead to Ordinary Differential Equations or Partial Differential Equations
if spatial aspects!

* And why!

Very important:What is the clinical question!?

Obijective: help clinicians to establish a diagnosis ; to improve the patient follow-up:
surgery! treatment! ...
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Introduction

Step 0: Define a specific clinical question

Step |: Write a model (or models...)

Step 2: Mathematical study of the solution of the model

Step 3: Approximation of the solution using a numerical scheme (in case of non explicit solution)

Step 4: Patient-specific simulation using available data

Presentation of the strategy based on 3 examples:
*  Pharmacokinetics

* Cardiac electrophysiology

* Tumor growth
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Modeling



Modeling: pharmacokinetics

« Pharmacokinetics one-compartment model with first-order absorption and elimination

— _kGAGI Ag Dose in Gastro-intertinal compartment (mg)
— I‘(,—;AG[ — ke Up Up Concentration Plasma compartment (mg/L)
kq Drug absorption rate (h_') Linear ODE
ke Drug elimination rate (h~') Conservation laws

. Vo Volume of distribution (L)
temporal evolutions
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Clinical question: pharmacokinetics

« Pharmacokinetics one-compartment model with first-order absorption and elimination

_kaAGl
%AGI — keUp

Ag Dose in Gastro-intertinal compartment (mg)

Up Concentration Plasma compartment (mg/L)

Linear ODE

ko, Drug absorption rate (h™')

Conservation laws

ke Drug elimination rate (h™')

. Vo Volume of distribution (L)
temporal evolutions

* Using time-sampled observations of Up, can we estimate the parameters kg, ke, and Vo and then
personalise the treatment by adapting the dose for instance!?

Kq
0.6924
0.7421
0.6923
0.3292
0.6262
0.3073

-0.1602
0.3842
1.3929
-0.3844
1.0531
0.0366

ke
-3.0547
-2.3973
-2.5440
-2.6008
-2.5827
-2.5252
-2.5062
-2.5088
-2.6230
-2.6935
-2.4339
-2.4369

Vo
3.4033
3.4982
3.5403
3.4775
3.2786
3.8100
3.5986
3.6314
3.7059
3.2786
3.6792
3.2556

!

o Real observations
— Estimation
- - Standard deviation

Yes! Using inverse pi'oblem

(program of the 2 next days)
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Modeling: cardiac electrophysiology

Pulmonary

Left ventricle

Right ventricle

Electrical activity = origin of the

Blood circulation in the heart ) .
mechanical activity
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Modeling: cardiac electrophysiology Ue

« Two modeling scales

Vi

Ventricles

| Repolarization

Depolarization |

lonic model Diffusion

> {
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Modeling: cardiac electrophysiology Ue

e« Cell scale:ionic model

Extracellular medium

<i> Vi = Ui — Ug
Voltage-gated Leak ion
channels P channels
Cm lon pumps
— and
Capacitance exchangers |
Electrochemical P
(represents the —oradient ——
lipid bilayer) gradients
Intracellular medium Hodgkin,A. L., & Huxley,A. F. (1952). Currents
\=3 carried by sodium and potassium ions through

the membrane of the giant axon of Loligo. The
Journal of physiology, | 1 6(4), 449-472.

Hodgkin-Huxley type models represent the biophysical characteristic of cell membranes
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Modeling: cardiac electrophysiology Ue

e« Cell scale:ionic model

| = Cmvm + Iion ? /
% % Vi = Ui — Ue

p=ap(Ve)(1 = p) = Bp(Vm)p,  p=n,m.h T

e

lion = gkn* (Vi — Vi) 4 gnam>h(Vin — Vna) + &(Vi — V)

Voltage-gated
Leak channel I X ion channels

\ Hodgkin,A.L., & Huxley,A.F. (1952). Currents

\/ \ )} carried by sodium and potassium ions through
the membrane of the giant axon of Loligo. The

INg Journal of physiology, I | 6(4), 449-472.

Non linear ODE
Conservation laws
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Modeling: cardiac electrophysiology

e« Cell scale:ionic model

Appendix 1: Formulation of the Model

v Non linear ODE

a. Dimensions: length (L)=100 um; radius (r)=11 um

b. Cell volume: V_,=7r'L=38x10"" uL. o

c. Geometric membrane area: A, =27 +271L=0.767x 10" cm* ' o n s e rvat I o n I aws
d. Capacitive membrane area: Ac,,=Reg * Ag,=1.534x10 cm’
¢. Myoplasm volume: V.=V - 68%=25.84 % 107° ul.

f. Mitochondria volume: V=V - 26%=9.88x10"° uL

B

b

. SR volume: V=V ;- 6% =228x 107" ul.
h. NSR volume: Vygg=V - 5.52%=2.098x10"" ul.
i. JSR volume: Vygz=V ., +0.48%=0.182x10"* uL
j. Cleft volume: Vi =(V,/88%) - 12%=5182x10"* uL

I1. Standard ionic concentrations
[K*],=5.4mmol/L; [K']=145 mmol/L; [Na*],=140 mmol/L; [Na*}=10 mmol/L;

Tax=1.5 pA/uF; K._w=10mmol/l-; Kx,=1.5 mmol/L;

frx= iand

l Ca’],=1.8 mmol/L; and[Ca’*],=0.12 umol/L VF\
) ) (o) D ION J =0 B 140.1245 - exp( —0.1 - ﬁ)mmss o cxp( e
111. Tonic currents in the sarcolemma

- fen B ot a. Fast sodium current: Iy, 0_1 s [Na“}, -1
PR =G m* hej- (V-Eni B =7 P\ 673
ca T : ) Ey,=(RT/F)  In([Na'],/[Na"]); and Gy, =16 millisiemens/uF. h. Nonspecific Ca’ -ac{watcd current: e,

For V=—-40 mV, = sr———_ e
R Y S et Ror o lKl,_,H(K“&/[C‘,‘D,,
EEREREE N ®*cc e . * v o of0 * o an=q=0.0;ﬁn=l/'(0‘13(l+exp[(\i'+lU‘Ow;—ll.l]));

L and B=0.3 - exp(~2.535% 10 V{1 +exp[—0.1(V+32)]}. Low=luse: 1+(K.u.c.,/[Ca“1)‘
post Luco=Tux e
\4 “:’; b f‘g&:gowv_“], P_.c.,-l‘ 7510 7 cmfs; Kongen=1.2 umol/L; and

£,=3.56 - exp(0.079V)+3.1X 10° - exp(0.35V ); E. mw
NSR a=[~1.2714 X 10° - exp(0.2444V ) ~3.474x 10" - exp(—0.04391V)] - (V+37.78)/{1 + exp[0.311 - (V+79.23)]}; and =g MK +[Na )

=0.1212- =0, xp[ —0.137! .14) ]}

A ‘:“[21 "cxp( 00:352")]((”“"[ 0.1375(V::40.10]) (I is computed from P, using the relation in ITIb of this appendix with the same y values.)

And, for all range of F =

a,=0.32(V+47. 13);{1 exp[~0.1(V+47.13)]} i. Sarcolemmal Ca*" pump: Ic,)
. ) Bo=0.08 - exp(~V/11 [Ca"l
. NEEREEEY b. Currents through the L-lypc Ca’ channel Ico=huco - Koo tCa']’
. K* L K* . lc =d[01+ln“lblo.ﬁl: deffe, 1 d 1, d-f I lﬁm-l 15 BAIE:  Bancs™03 gl L.

2= fofe oy Je=d-ffo -l and Ieg=d - f-fo - Leana :
. ® o0 . $ 3 Q b ; 2 ‘, A oY foo" Lo j. Ca** background current: I, ,
. P . For ion §, including Ca*", Na', and K", Lan=Gean * (V=Ecun);

al s, anh -

® l L l e f.ePsr Ji'r, [S) - exp(zVF/RT)—y,,  [S], Eeux=(RT/2F) - In([Ca’*],/[Ca™]); and Ge,,=0.003016 millisiemens/pF.
- —,— s RT - e"P(.lVF/RT)‘l ' k. Na” background current: Iy, _

‘;l-i-;;;‘:‘l’o el ‘ﬂy-:=_‘~yh 7;—657‘;;34“ Lun=Gp* (V=Exun)i Enan=Eni and Gy,,=0.00141 millisiemens/uF.

Ne™ O el Cha " I tl

Py=193x10""cmis; w;=,=0.75; 1. Total time-independent current: Iy

fo, = 1/[1+([Ca* VKao ) K, =06 umol/L;

d,=1/{1+exp{—(V+10)/6.24]}; Iy=lg + I+ lycy+ Iy o + I

4

I I 7=d, - {1-exp[—(V+10)/6.24]}/[0.035 - (V+10)); IV. Ca?* buffers in the myoplasm
Kp K 1 £.= /{1 +exp[(V +35.06)/8.61} +0.6/{1+exp[ (50—~ V )/20]}; Troponin (TRPN) and calmodulin (CMDN);
ns(ca) n-l"(U.OlW'cxp(—LU.oss?-<v+10)f}+0.02 ; buffered [TRPN]=[TRPN] - {{Ca* J([Ca*' }+ Ko rurm)}i
adVes BE(lodNes aatle:: and Rallsf buffered [CMDN]=[CMDN] - {{Ca* J([Ca™ )+ K, cumndls
&=ddni A=(1~dNe; a=lis and f=(1-LVz [TRPN]=70 umol/L; [CMDN]=50 umol/L; Krus=0.5 umol/L; and Kncuon=2.38 umol/L.
¢. Time-dependent K* current: Iy v 2% . ¢ i
= SRR, . Ca*" fluxes in the sarcoplasmic reticulum
I;=(.K.- X, X+ (V=Eg) Pyux=0.01833; a. Ca**-induced Ca®* release of JSR
Ex=(RT/F) - In{(K' ]+ Py Na* LUK 1+ Py, Na*))): Lo=Giy- ([Ca* g~ [Ca™*]) mmol/L per millisecond
Gy =0.282 - V[K"'],/5.4 millisiemens/uF; ; .
u o - u m o e X,=1/{1+exp[(V-56.26)/32.1]}; If A[Ca],.>A[Ca®],, 2 milliseconds after the time of V.,
@,=7.19%10 " - (V+30)/{1~exp[ -0.148 - (V+30)]}: and - A[Ca™],-A[Ca™].,
Be=131x10*+ (V+30)/{ - 1+exp[0.0687 - (V+30)]). Ga=G* oo+ (1—exp[—/7,,]) - exp[— /e
K 5 T R *A[CaT - AlCH L,
d. Time-independent K* current: Iy A[Ca**];0=0.18 pmol/L; K, =08 pmol/L; 7,=7,=2 milliseconds; t=0 at time of CICR;
Ix; =Gy K1 - (V-Eg,);  Ex,=(RT/F) - In([K*L/IK*1); G.q=18 ms™' for voltage clamp simulations; and
Gy, =0. 7;( VIK fp(bl’) 3: ;mll\l’smmenvuli 1 G.,=60 ms™* for action potential simulations.
ag, = 1.02/{1+¢; (V=Ey—59.215)]): and 2
«{0.49124 - 2 (V- Fy, +5.476 0.06175 - (V—Fy, —594.31) 4 —05143- (V-E 5 1If A[Ca“] ;<A[Ca**]., at 2 milliseconds, G,,=0.
L C H & R d Y I 99 | A d I f h Ba={049124 - cxpl0.08032 - (V- Eyo IHexp(0.06175 - (V=E =M1 +exp{ ~05143  (V—Epa H.753)]} b. Ca?* release of JSR under Ca?*-overload conditions
UO, o o u y, . . modael o t e e. Plateau K' current: Iy, La=Gy, * ([Ca** }sx~[Ca®]) mmol/L per millisecond
Iy =Gxo Kp - (V-Eg,); Gyp=0.0183 millisiemens/uF; If buffered [CSON]=[CSON],
. . . . . . < ’ ARR Ve flc < SQON],,
ventricular cardiac action potential. Depolarization, Euy=Eei and Kp=1/{L+cipl(7438-V)598), GG (1-empl /D el -t/
. . . . . . . f. Na"-Ca®™ exchanger: lu.c. Gy=4ms™’; [CSQN],=0.7 or higher; and 7,,=71,=2 milliseconds; and t=0 at time of spontaneous release.
repolarization, and their interaction. Circulation U S T n 1 bufered [COSN|<[COSN]u, G0
e TN T RS W F[Na'E K o +[Ca™], ¢. Ca*" buffer in JSR and CSON .
> 14k, - exp| (n=1)- V- Buffered [CSQN]=[CSON] - {[Ca** Jise/([Ca** Jisx + Knesow)}; [CSON]=10 mmol/L; and Ko cson=0.8 mmol/L.
research, 68(6), 1501-1526. | & e
2 . g 2 » -~ d. Ca®" uptake and leakage of NSR: I,, and I,
ettt wetwmmms . {“P( 7 Vs ﬁ)[N" I-[Ca l’_“i’[(’" 1)V ﬁ]lN“ BelCa® Lp=l,,* [Ca** J(Ca* 14+ Konp) mmol/L per millisecond: L =K. - [Ca* sz mmol/L per millisecond;
Knoco=2000 puA/uF; K, =875 mmol/L; K,=138mmol/L; k,=0.1; andn=0.35. K., —0.92Lr_nol/‘l_: lm=0.w5Eol.’L per millisecond;
g Na*K* pump: huc . = Kep=Ly[Ca*Jyg ms™"; and [Ca™" Jysz=15 mmol/L.
Nagml s B £ K'L s ¢. Translocation of Ca®* ions from NSR to JSR: I,
1+ (Kano/[Na' 1Y [K L4 Kok 1,=([Ca™ Jys—[Ca’" )55 )/7., mmol/L per millisecond; 7, =180 milliseconds.
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Modeling: cardiac electrophysiology

e Cell scale:ionic model
| = Cmvm =+ Iion 'IOUt

Wt g(Vo, w) = 0 j""\/ ‘

I L w (vm o vmin)z(vm T vmax) vm — vmin
o Tin vmax _ vmin Tout(vmax _ vmin) ’
w I

o if vm S vgate7

Topen Topen(vmax — vmin)z Phenomenological model
Example of Mitchell-Schaeffer model

if Vi > Vgate,  (two state variables ...)

g(vmv W) —
w

Tclose

Mitchell, C. C., & Schaeffer, D. G. (2003).A two-

~—3 current model for the dynamics of cardiac
membrane. Bulletin of mathematical biology, 65(5),
767-793.

Non linear ODE
Behaviour laws

oo 0
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Modeling: cardiac electrophysiology

« Heart scale: bidomain model

(A (cm%L: 4 lgn (Vi - - )) —div(F V) = div(F - Vie) + lopp.
<
\ div((+ Ge) - Vi) = —div(G;- VVn),

L.Tung.A bi-domain model for
describing ischemic myocardial d-c

potgntials. 1978.
Non linear PDE
Conservation laws

e et .

Ventricles

Diffusion
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Clinical question: cardiac electrophysiology

«  One example: Atrial fibrillation

Pathological area

Real data (Lyric institute)
J f Left atrium

20 40 60 20 40 60 .
| — s ity |"complete spatial data

A. Collin, D. Chapelle, P. Moireau. A Luenberger observer
for reaction-diffusion models with front position data.
Journal of Computational Physics, Elsevier, 2015
B A StmsttaEmREEITT

The strategy allows
to reconstruct the whole
2 2 signal and help to determine the

50 75 100 25 50 75 100 .
|ty i Pathological areas
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A universiteé
)N versite 16 ANNABELLE COLLIN

25
NERRRERN



Modeling: cardiac electrophysiology

* Electrocardiograms

Linear PDE

Conservation laws

—div(orVur) =0, € —Body diffusion

RP(UTﬁ“T) C A+ ur = ue, ONE Lungs i Ribs

orVur - A = 0, 025" —Body = Isolated domain

Coupling conditions between the heart and the body
Weak coupling

Recording of the potential
Measure the difference of potential at multiple locations on the body

[ o
surface | avR oV va
D N B O 2T T T T T T T T T 3 YT T T ST AT =TT
| = UT(L) — UT(R) VI = UT(V|) — Uy i | . 2| T 2
(Va) | | 3
Schenone, E., Collin,A., & Gerbeau, J. F (2016). " aVF V3 "
Numerical simulation of electrocardiograms for full 27T 77T SEREERERREEEER 3 “““““““ ] g “““““““ ]
cardiac cycles in healthy and pathological conditions. ' | 't | 1) : = :
IJNMBE, 32(5), e02744. 0 ~}‘—“’_ 0 ’\—L"— ?’% W
| cm—— - -1 1 1 1 Bl |
‘ e _ %0 200 400 60 20 200 40 60 0 200 40 600 43‘ ~ 200 400 600
N /’;; : informatics g mathematics
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Clinical question: cardiac electrophysiology

A I

s . See Friday afternoon

Images (CT, MRI)

Inverse problem

Electrodes vest (multiple surface
ECG recordings)

Body surface potentials

v d
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. @Benzekr)’, S., Lamont, C., Beheshti,A., Tracz,A., Ebos, |. M., Hlatky,
M d I [ ‘A, h L., & Hahnfeldt, P. (2014). Classical mathematical models for
o e I ng. tu m o r g ro t description and prediction of experimental tumor growth. PLoS

computational biology, 10(8), e 003800.

* No spatial aspects: volume model ... W——— —
*  What are minimal biological processes able to recover the kinetics of (experimental) tumor
rowth? .
& Non linear ODE
Exponentlal Gompertz BEhaViOlII" |aWS
1500 K \ 1500 ; ;
} @ o
21000} ¢ ¥ J ¥ 21000} ] CZ_‘{ _ ae—ﬁtv
£ £
: ® ® ® @ :
> o0 g > 500 Fits very well
E —aV Lacks physiological interpretation
% 5 10 15 20) % 5 10 15 20
Days Days
Logistic Power law |
1500 1500 ‘ ‘ ‘ k@)
_ av _ %
Ewoo ’ Competition mg | a é};
= ~ ) =
£ % = SN
2 500} f v _ (1 V) = 500 Fits very well
av_ vii_Y
% dt K Has physiological
. | | 0] - - - inter20 retation
0 5 S0 20 s 012.. N
: informatics g mathematics
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P - tumor cells

Modeling: tumor growth

- Gompertz like model for tumour cells P

0P+ V- (vP) = MP, P+5=1

S - healthy cells

where M is the vasculature

M= —aMP, \
with & the decreasing rate of M.

V.-v=MP

«  Qutside the tumour
OS+V-(vs)=0.

. . . Non linear PDE
- Darcy law representing the cell density velocity Behaviour law

V= —Vm, (physiological interpretation)

with 77 the pressure.
— Borde% hf‘"'w"mms/mm.,,.,,,-:,-

aux INP ,
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Clinical question: Tumor growth

* Predict the volume and the shape of the tumor using the first exams. Meningioma example.
CHU Bordeaux - MRI T (with gadolinium contrast agent)

ti = 169 days t2 = 330 days

3000

Random Gompertz
= Mean Gompertz
€ Targeted IRM Volumes

2500f :
€ |RM Volumes used in Gompertz

Target shape

0% 100 200 300 400 500 600 700 800 Estimated shape
Time (days)
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Clinical question: Tumor growth

« Can we predict the relapse using the treatment response? Lung cancer (with EGFR mutation)

example.
104
14 - T T T |
12| \\ *
‘
1 - |
0.8 | =
0.6 |- =
—0— —0
6 5b 160 1%0 260

1.5

0.5

-10°

20 40 60

|
80 100 120 140

6,000

5,000

4,000

3,000

2,000

1,000

0

50

| | | |
100 150 200 250

Time evolution of the densities of proliferative (red) and necrotic (green) cells for 3
patients with the time evolution of the volume (in blue).
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hazard rate = 0.2571
[0.0889,0.7431]
p-value = 0.025

100 —— —
80
60
40 | |_lI_ ]
920 || — Full pop. | \
— ¢ < 045
— c> 045
0L | | |
20 30 40 50
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Numerical resolution



Numerical resolution

*  Well posed problem: existence and uniqueness of a solution

* Why!
* Allows to better understand the problem
«  Compatibility with initial condition ; boundary conditions ; source term ...

* How!
* Mathematical theorems (Cauchy-Lipschitz for ODE ; Lax Milgram for PDE for instance)
* In most cases, the unique solution is not explicit ...

% Numerical approximation of the solutions ...

v d
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Numerical resolution - ODEs

First-order differential equation

; y'(t) = f(ty())
| y() = Yo
Eul thod —
uler metho v/ (1) = y(t+ hl)1 y( + O(h) finite difference approximation

y(t+h) =y(t) +hy'(t) + O(h*) = y(t) + hflt,y(t)) + O(h*)

Let h a step size, we construct the sequence to,t) =to + h,t2 =to + 2h, ...
We denote by y» a numerical estimate of the exact solution y(tn).
Euler and backward euler methods

Yn+1 = Yn + hf(tnayn) Yn+1 = VYn _|_hf(tn—|—la)'n—|—l) + ...

A method converges if .
lim max_|lyn —y(ta)|| =0
h—0n=0,--- N

The method has order p if bt |
lyn — y(ta)|| = O(h"™")

Euler and backward Euler method have order | ... Can we do better?

v d
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Numerical resolution - ODEs

*  Runge-Kutta methods
* Introduction of intermediate steps
thi=1, +ch, ¢ € [O, |]
« Exact solution of the problem

y(t,i) =y(t,) +h /Oq f(t, +uh,y(t, +uh))du

|
f(trer) =y(t) +h [ fltn+ uby( + uh))de
« Quadrature rules 0
i— 1|

/Oci g(U)du m— Z ai,kg(Ck) + O(hi_|)’ /0 g(u)du m— Z bkg‘(ck) + O(hq)

k=1 k=1
* Runge-Kutta methods of order g write
( thi = th+¢h
viel,---q,q yni = ynt+h Z;;I. di kPn
L Pni = f(tn,is Yn,i)

q
Yn+1 = ¥n + h Z kan,k
k=1

v d
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Numerical resolution - ODEs

* Linear multistep methods (explicit and implicit methods)

* Introduction-of-intermediate-steps Use previous steps

Yn+1 = Qjyn—i + h Bifa—i
_ ! ; ,Z:; Initial conditions!
«  The method has order p if |

m— m— |
Ynt1 = Z Qiyn—i +h Z Bif (ta—i, Yn—i)
i=0 I=—
m— | m— |
Z ai(—i)* + k Z bi(—i)< ' = |
i=0 =—

 Difference between Runge-Kutta and linear multistep methods

Computational time < » Memory (space complexity)

Evaluations of f Save fn.i

v d
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Numerical resolution - PDEs

And for PDEs? Objective: Convert a PDE into a system of equations, which can then be solved

by matrix algebra techniques

Most classical methods: values are calculated at discrete places on a meshed geometry.
- Finite difference method. Finite difference approximates the spatial derivatives.
Limited to structured geometry.

*  Finite element method. Subdivision of a large system into smaller, simpler parts that
are called finite elements. Based on variational methods (divergence theorem).

*  Finite volume method. Volume integrals that contain a divergence term are converted
to surface integrals, using the divergence theorem.These terms are then evaluated as fluxes at
the surfaces of each finite volume. Conservative method (flux entering a given volume is identical

to that leaving the adjacent volume).
After space and time discretizations, the problem can be rewritten as

Ax = b (linear) or F(x) = 0 (non linear), x € R"

Yij+1
®
Yij
® ® @
®
ha Ihy
> & - Vue) - VV, / lapp V1
Q
> - — s~
Gi VVm) - VV; 0,
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Numerical resolution - PDEs

 Linear systems:
- Direct solvers (find the exact solution) Solve Ax = b

« Gauss (LU decomposition with pivoting)
A = LU, L lower triangular matrix, U upper triangular matrix
« Cholesky (hermitian positive definite matrix)
A =LL* L lower triangular matrix

« QR decomposition.
A = QR, Q orthogonal matrix, R upper triangular matrix

* Iterative solvers (approximate the solution, for big systems for instance)
A = M-N with M inversible and very easy to inverse
Xi+1 = M-INxx + M-lb
« Jacobi (for diagonally dominant matrix)

A = D-R with D diagonal of A
« Gauss-Siedel

A = L+R, L lower triangular component and R strictly upper triangular component
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Numerical resolution - PDEs

* Non linear systems (also used for implicit ODE time schemes):
- Newton-Raphson method Solve F(x) =0

A

function tangent lines

f(xn)

The formula for converging on the root can
be easily derived. Suppose we have some
current approximation x,. Then we can
derive the formula for a better
approximation, Xm+| by referring to the
diagram on the left. The equation of the
tangent line to the curve y=F(x) at the point
X = Xn IS

y = f'(Xn)(X-xn) *+ f(xn). The x-intercept of this
line is then used as the next approximation
to the root Xn+|

f(xn+1)

* Alternative methods are available in the litterature (depending of the properties of F)
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Patient-specific
simulation




Patient-specific simulation

|2 patients versus | model

Concentration plasma (mg/L)

_kaAGI
veAa — keUp

|2 patients

Aci
Up
Ac Dose in Gastro-intertinal compartment (mg)

Up Concentration Plasma compartment (mg/L)
ks Drug absorption rate (h™")
k. Drug elimination rate (h™')
Vo Volume of distribution (L)
0 5 10 15 20 25
Time (hours)

- Inverse problem: recover the parameters and/or the initial conditions which have
produced some observations
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Patient-specific simulation

Model Data
State u Partial in time/space
(ODE or PDE unknown) Noisy
Parameters Comparison with the
Uncertainties on the Data state of the model can
parameters, on the be difficult
initial condition ...
= =
Data assimilation
\’
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Patient-specific simulation

Model _ U, (90), a priori Data
State u Y CQ)’ unknown parts Partial in time/space

(ODE or PDE unknown) Noisy
Parameters Comparison with the

Uncertainties on the state of the model can

parameters, Ob , be difficult
on the initial condition ... servations z

Find ¢ which minimizes the discrepancy Data assimilation
7 — C(ak) Strategies for coupling the informations
(where C is the observation operator) Many strategies are available with many formalisms as you

under the constraint of the model dynamics  will in next days :)
But in every cases there are:

a‘q (t) — A(H‘C 3 0o + Cea t) * a dynamical model (linear or not)
a‘g (0) = u,+ " * an observation model (linear or not) which leads to a
discrepancy
with ¢ = (¢%,¢Y) * a functional to minimize (or maximize)

* an optimization algorithm
We can also include error in the dynamical system.
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